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Abstract: 

The electromagnetic current operator of a composite system 
must be a relativistic vector operator satisfying current conservation, 
cluster separability and the condition that interactions between the con- 
stituents do not renormalize the total electric charge. Assuming that 
these interactions are described in the framework of relativistic quan- 
tum mechanics of systems with a fixed number of particles we explicitly 
construct the current operators satisfying the above properties in cases 
of two and three particles and prove that solutions exist for any num- 
ber of particles. The consideration is essentially based on the method 
of packing operators in the point form of relativistic dynamics devel- 
oped by Sokolov. Using the method developed by Sokolov and Shatny 
we also construct the current operators in the instant and front forms 
and prove that the corresponding results are physically equivalent. The 
paper is self-contained what makes it possible for the reader to learn 
both, relativistic quantum mechanics of systems with a fixed number of 
particles and the problem of constructing the electromagnetic current 
operator for such systems. 



Chapter 1 



Introduction 



1.1 The statement of the problem 

The present and future experiments on powerful electron accelerators 
will yield an important information about nuclear forces at small dis- 
tances and the quark structure of matter. However to extract this 
information from the experimental data it is necessary to know the 
structure of the electromagnetic current operator (ECO) for the sys- 
tem under consideration. The problem of constructing the ECO is 
essentially model-dependent since the ECO depends on the interac- 
tions between the constituents and on the way of introducing these 
interactions into the ECO. Nevertheless any model for the ECO must 
necessarily be such that the ECO is a relativistic vector operator satis- 
fying current conservation, cluster separability and the condition that 
interactions between the constituents comprising our system do not 
renormalize the total electric charge. Let us formulate these conditions 
mathematically. 

The wave function of any relativistic system must transform 
according to a unitary representation of the Poincare group in some 
Hilbert space H. Let U(a) = exp{iP^) be the representation op- 
erator corresponding to the displacement of the origin in spacetime 
translation of Minkowski space by the 4-vector a. Here P = (P , P) is 
the operator of the 4-momentum, P = E is the Hamiltonian, and P 
is the operator of ordinary momentum. Let also U (/) be the represen- 
tation operator corresponding to / G SL(2, C) and L{1) be the Lorentz 
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transformation corresponding to /. Then the ECO J fi (x) must be the 
selfadjoint relativistic vector operator such that 

U{a)- 1 P{x)U(a) = P(x - a), 

U{l)- l P{x)U{l) = L{iyJ v {L{l)- l x) (1.1) 

where a sum over repeated indices /i, v = 0,1,2,3 is assumed. Since 
at least some of the operators U(a) and U(l) depend on interactions 
in the system under consideration, the immediate consequence of Eq. 
( [Op is that J^(x) also depends on these interactions and thus J^{x) 
cannot be written only as a sum of the constituent ECO's. This fact 
was first pointed out by Siegert . 

Another important condition is the continuity equation or cur- 
rent conservation 

8> (*> = (1.2) 



dx^ 

The cluster separability condition for J^{x) can be formulated 
along with this condition for the representation operators. Namely, it 
is assumed that the representation space is the same in all cases (not 
depending on whether interactions are present or not) and if a±, ...a n 
are arbitrary subsystems comprising the system under consideration 
and all interactions between these subsystems are turned off then the 
representation U must become the tensor product of the representations 
U ai describing the subsystems and J fx (x) must become a sum of the 
ECO's J£.( x ) f° r the subsystems. In other words the cluster separability 
condition for the current operator is formulated in full analogy with this 
condition for the generators of the representation U (for more details 
seerefs. [g 0, @, §, §). 

Let 

Q = J P(x)dcr^x) (1.3) 

be the system electric charge operator where da^ix) = \^5{\x — r)d A x 
is the volume element of the space-like hypersurface defined by the 
time-like vector A (A 2 = 1) and the evolution parameter r. Then the 
important physical condition is that the interactions do not renormalize 
the electric charge, i.e. Q does not depend on the choice of A and r 



and has only one eigenvalue equal to the sum of electric charges of 
constituents. It is well known that Eq. ( |TT2|) ensures that Q does not 



depend on r and A but this condition does not ensure that Q has the 
same value as for noninteracting particles. 

In addition, if we consider the problem of constructing the 
ECO for a system of strongly interacting particles, then we must require 
that 

U P { j\x\ x), J{x°, x))^ 1 = ( J°(x°, -x), - J(x°, -x)), 
U R P{x)U R l = P(-x) (1.4) 

where Up is the unitary operator corresponding to the space reflection 
P and Ur is the antiunitary operator corresponding to the space-time 
reflection R = PT. The operator Ur must be antiunitary according to 
Wigner [[7j; an alternative definition of Ur proposed by Schwinger 
involves transposed operators, but we shall not discuss this question 



1.2 Brief review of the literature on constructing 
the ECO and related topics 

In the framework of local quantum field theory there exist the well 
known methods of introducing electromagnetic interactions into the 
system of strongly interacting quantized fields (for example, the min- 
imal substitution method). Each electromagnetic process is described 
by many Feynman diagrams including those obtained from some dia- 
grams of the strong interaction theory by coupling the virtual or real 
photons to all possible places of the latter diagrams . To explicitly 
construct the ECO in such an approach it is necessary to explicitly 
construct first the underlying theory of strong interactions. Therefore 
a realistic construction of the ECO can be carried out only at some 
additional assumptions. 

A vast amount of literature is devoted to the problem of con- 
structing the ECO for few nucleon systems assuming that the under- 
lying theory of strong interactions is the meson-nucleon theory. It is 
clear that the most detailed study can be carried out for two-nucleon 



systems. As it has been shown by several authors (see for example, 
refs. Q9|, [iy, [TT], [12], [T3|, |T3j| , the corresponding ECO satisfying the prop- 
erties specified in Sec. [T7T] can be constructed assuming that the inter- 
action between the nucleons is described by the Bethe-Salpeter (BS) or 
other covariant equation. This is achieved by choosing the longitudinal 
part of the ECO in the form satisfying the two-particle Ward-Takahashi 
identity. It has been also shown that the knowledge of the kernel of the 
two-body equation is not sufficient for a unique determination of the 
ECO since the transversal part of the ECO remains unconstrained by 
current conservation. 

The ECO considered in the above references cannot be written 
only as a sum of one-nucleon ECO's and necessarily contains the contri- 
bution of interaction currents usually associated with meson exchange 
currents (MEC). These currents may give contributions to different ob- 
servables even in the nonrelativistic approximation. The first detailed 
study of MEC was carried out apparently in ref. [nj . The present sta- 
tus of nonrelativistic MEC is described in refs. [|TB|, [T7j] and in references 
cited therein. The role of MEC in three and four-nucleon systems is 
discussed in refs. [jT8|, |T9j and in references cited therein. The problem 
of reformulating the theory of MEC in the framework of constituent 
quark model is discussed in ref. |20j] and in references cited therein. 



In the nonrelativistic case the interaction between nucleons 
is described by a nucleon-nucleon potential. By analogy with QED 
and other realistic theories it is reasonable to assume that the poten- 
tial description of nucleon-nucleon interactions exists not only in the 
nonrelativistic approximation but at least to order (v/c) 2 . A detailed 
investigation of MEC in first order in (v/c) 2 was carried out in ref. [[IT 



The present status of this theory has been described in refs. JZ2j and in 
references cited therein. A fully covariant approach to MEC has been 
considered in refs. [jZ3|, |2Jj]. A detailed investigation of all possible con- 



tributions to the deuteron photodisintegration to order (v/cf has been 
carried out in refs. |25], [26], [27j] and in references cited therein. The latest 
development in the description of the deuteron electrodisintegration is 
described in refs. [[28], £9], £50j and in references cited therein. The photo 



and electrodisintegration of three- nucleon systems have been considered 
so far only in the plane wave impulse approximation [|?T| , |32 . 



The approach in which the problem of constructing the ECO 
is tackled starting from the underlying theory of strong interactions is 
of course most fundamental. However this approach encounters con- 
siderable practical difficulties. For example, using the two-body BS 
equation we have either to assume some dependence of the kernel of 
this equation on the relative time (or relative energy) or to use some 
three-dimensional reduction of this equation. Meanwhile it is not clear 
how to control the validity of approximations used to solve the BS equa- 
tion and even the crucial property of relativistic invariance may be lost 
at some approximations. Let us note that in local quantum field theory 
any description of an interacting system can be consistent only in terms 
of infinite number of degrees of freedom since the number of particles 
is not the conserving physical quantity. In particular the Hilbert space 
H necessarily contains subspaces with all possible numbers of parti- 
cles, and the representation operators of the Poincare group necessarily 
have transitions between these subspaces. Therefore any truncation of 
the Hilbert space leaving only a finite number of particles necessarily 
breaks relativistic invariance. 

For systems of three and more particles the description in 
terms of the BS equation becomes much more complex. In particular 
the cluster separability condition is not trivial in this case. One might 
think that in nuclear physics different observables at intermediate en- 
ergies can be reliably calculated using the v/c expansion, though, as 
noted by some authors (see, for example, refs. [^3], |51j0, the convergence 
of the v/c expansion may be poor. However, as shown in refs. |35|, |56fl , 
the unified description of the meson and baryon spectra is possible only 
in fully relativistic constituent quark models. Let us also note that for 
systems of constituent quarks the underlying theory of strong interac- 
tions is "soft" QCD, i.e. the theory which is not elaborated so far. For 
this reason even in calculations of the electromagnetic form factor of 
the pion (considered as a system of two constituent quarks) the inter- 
action currents are usually not taken into account (see, for example, 



refs. [fT7], [35], |39], |10|1 ) and the electromagnetic properties of baryons as 



systems of three constituent quarks are also described assuming that 
the baryon ECO is the sum of the quark ECO's |20fl . 

It is often reasonable to assume that interactions between con- 
stituents can be reliably described in the framework of relativistic quan- 
tum mechanics (RQM) of systems with a fixed number of particles. This 
theory is expected to be a reasonable approach in different applications. 
The well known examples are the atom consisting of a fixed number of 
electrons, the nucleus consisting of a fixed number of nucleons, and the 
meson and baryon consisting of a fixed number of constituent quarks. 
The first results in RQM was obtained in the work by Dirac [[|T| and 
the important contribution was made by Coester, Sokolov and other 
scientists. The reviews of RQM can be found, for example, in refs. 
\W% , ROl . The practical advantage of RQM is that in models based on 
this theory such fundamental properties as relativistic invariance and 
cluster separability are satisfied automatically. 

The statement of the problem considered in the present work 
can now be formulated as follows. We have to investigated whether 
the ECO satisfying the properties described above can be explicitly 
constructed in the framework of RQM. In the remainder of this section 
we discuss some results of RQM and the literature on constructing the 
ECO in this theory. 

The problem of constructing the operator J tJj {x) in the frame- 
work of RQM was investigated by several authors. The general proper- 
ties of the ECO and the constraints imposed on the matrix element of 
J^(x) by the above conditions has been studied in detail in Ref. [|3 



As noted by different authors |55], d§, [|7], the above conditions 
are not sufficient for a unique determination of J fX (x), (in agreement 
with the results obtained in the framework of local quantum field the- 
ory) but these conditions are necessary, since a consideration of elec- 
tromagnetic processes using the current operator not satisfying these 
conditions is, generally speaking, inconsistent. The above conditions 
are also necessary in order to be sure that the low-energy theorem for 
the Compton scattering and the Drell-Hearn-Gerasimov sum rules are 



satisfied gg, g|, |5tj. 

In the literature there exists a rather complete investigation of 
the problem under consideration in first order in 1/c 2 [|5T| , |52| , |53| , |53| , |55f . 
For example, it has been known for a long time that the nontrivial effect 
in this order is the appearance of the nonadditive Foldy-Wauthuysen 
corrections. It has been also shown by Osborn and Foldy[]5B| and Co- 
ester and Ostebee[jfB| that (in agreement with the results by Gross [f57l 
obtained in the framework of quantum field theory) interaction terms 
indeed may be present already in the nonrelativistic current-density 
operator as was first noted in ref. |]J . 

In the nonrelativistic approximation the charge-density opera- 
tor J (x) is written in zero order in 1/c and the current-density operator 
J(x) in first order. In order 1/c the first relativistic corrections to J (x) 
are taken into account. As noted above, this approximation is insuffi- 
cient to describe the existing data in nuclear and particle physics, and 
in the literature there have been proposed different approaches for cal- 
culating relativistic effects in electromagnetic processes to orders more 
high than 1/c 2 . For example, in refs.[|5S|, [59| , |50] , |Q~C|] the deuteron elec- 
tromagnetic form factors at large momentum transfer were calculated 
using the front form of dynamics and the assumption that some matrix 
elements can be calculated with a good accuracy using the additivity 
of the + components of the current operator. A similar approach was 
used for deriving the light-front sum rules and for calculations of 
the pion and nucleon electromagnetic form factors and the photopro- 
duction of the delta isobar in the framework of constituent quark model 



The approach of refs. [J58|, |59], ^D|, |)T| was criticized in refs. 
since, as shown in these references, the expressions for the form factors 
used in refs. |58|, [59|, |>Tj contained the admixture of nonphysical 
terms depending on the direction in which the observer passes to the 
infinite-momentum-frame. It was proposed to use instead the expres- 
sions which do not contain this dependence but again no interaction 
terms were taken into account. As the result, the authors of refs. [j56] 
have come to the prescription proposed in ref. j57j. To substantiate 



neglecting the interaction terms in their expressions the authors of 
refs. []5f3| consider some class of Feynman diagrams and show that these 
terms can be present only in the contribution of multiparticle states 
while the contribution of the two-nucleon component in the deuteron 
does not contain the interaction terms. However, as noted above, it is 
difficult to justify the two-nucleon approximation in the diagrammatic 
approach. 

In the just described calculations no expansion in powers of 
1/c was used. On the other hand, in refs. [|68L 1591 , [701 , [7T1 , [721 , 



the elastic electromagnetic nucleon form factors, the electro and photo- 
production of nucleon resonances and the nucleon Compton scattering 
were calculated in constituent quark model taking into account some 
interaction terms, but the current operator was expanded only to order 
1/c 3 . In ref. j75f the problem has been solved to order 1/c 4 but the 
resulting expressions have turned out to be very cumbersome. 

In the present paper we explicitly find a class of exact solutions 
for systems of two and three particles and prove that solutions exist for 
any number of particles. Therefore the results can be applied to the 
description of various electromagnetic processes involving the lightest 
nuclei, mesons (as systems of two constituent quarks) and baryons (as 
systems of three constituent quarks). 

As pointed out by Dirac |5Tj], any physical system can be de- 
scribed in different forms of relativistic dynamics. Let (M^ v = 
—M v ^) be the generators of the Lorentz group. We use P and M^ v 
to denote the 4-momentum operator and the generators of the Lorentz 
group in the case when all interactions are turned off. By definition, 
the description in the point form implies that the operators U (I) are the 
same as for noninteracting particles, i.e. U(l) = U(l) and M^ v = M MZ/ , 
and thus interaction terms can be present only in the 4-momentum op- 
erators P (i.e. in the general case P^ ^ P^ 1 for all /i). The description in 
the instant form implies that the operators of ordinary momentum and 
angular momentum do not depend on interactions, i.e. P = P, M = M 
(M = (M 23 , M 31 , M 12 )) and therefore interactions may be present only 
in E and the generators of the Lorentz boosts N = (M , M 02 , M 03 ). In 



the front form with the marked z axis we introduce the + and - compo- 
nents of the 4- vectors as p + = (p° + p z )/\^2, p~ = (p° — p z )/\/2. Then 

A A . A _ A 

we require that the operators P + ,P 3 ,M ,M + ~,M +J (j = 1,2) are 
the same as the corresponding free operators and therefore interaction 
terms may be present only in the operators M~ J and P . We see that 
the front form contains 3 generators depending on interactions while 
the point and instant form contain 4 such generators. However, in the 
front form the operators Up and Up necessarily depend on interactions 
while in the point and instant forms we can choose representations with 
Up = Up and Up = Up. 

The most popular forms are the instant and front ones since 
it is clear how these forms are related to quantum field theory (see, for 
example, refs. |42], In the case of the point form the relation is less 



obvious [f75fl . However from the group theory point of view the point 
form looks as most natural. In the literature different authors argue in 
favor of one or other form. However, as proved by Sokolov and Shatny 



7% an the three basic forms are unitarily equivalent (unfortunately 



this important result is not widely known). Therefore the choice of the 
form is only the matter of convenience but not the matter of principle. 

Recently Karmanov |78j and Fuda [jT^J] considered in detailed 
such a version of the front form where the direction of the motion of 
the infinite momentum frame is defined by the arbitrary unit vector 
In ref. [)7^] it is proved that the "^-picture" is unitarily equivalent to 
the ordinary front form at least for systems of two particles and there 
are all grounds to believe that this is also the case for any number of 
particles. 

We shall see below that the natural solution for the ECO exists 
in the point form. The method of packing operators was first developed 
by Sokolov also in the point form Then this method was used in 
other forms and the full solution of the N-body problem in RQM was 
first given by Coester and Polyzou |4j and Mutze []5j] in the instant form. 
Therefore, using the construction of ref. j77j it can be shown that the 
full solution of the N-body problem in RQM and the solution for the 
ECO exist in all forms. 



In Ref. [f3j the explicit expressions for the three-particle pack- 
ing operators were demonstrated on the example when one of the par- 
ticles has spin 1/2 and two others are spinless. The explicit expressions 
for particles with arbitrary spins in the point form were derived in 
ref. [J6j (see also ref. [j33j]), but the derivation was rather complicated 
since the explicit expressions for the Lorentz group generators in the 
light cone variables were used. Let us note that in refs. ||, |Uf the 
expressions for the packing operators were also derived using the ex- 
pressions for the Lorentz group generators. 



1.3 The outline of this paper 

In Sees. ^T2j and [273| following the ideas of ref. j3j we show that the 
expressions for the three-particle packing operators in the point form 
for particles with arbitrary spins can be obtained in a much more sim- 
ple way than in previous publications if one works directly with the 
operators U(l) and not with the generators of the Lorentz group. The 
main results of Chap. are derived explicitly, and therefore this chap- 
ter can be used even for the first acquaintance with RQM. The general 
properties of the ECO are analyzed in Chap. |3], and in Chap. [|, using 
the results of Chaps. and ^ we explicitly describe a class of solutions 
when the ECO satisfies the properties specified in Sec. |TTT| . In Chap. [5], 
using the results of ref. [|77| we construct the ECO in the instant form 
assuming that the ECO in the point form has been already constructed. 
In Chap. |6| a similar procedure is used for constructing the ECO in the 
front form. 

As it has been already mentioned, the explicit expressions 
for the representation generators are not needed to solve the problem. 
Nevertheless it is useful to write down these expressions in some cases. 
In the general case the commutation relations for the representation 
generators can be realized in the form 

[p^ pv] = o, [M^, P p ] = -%{r)WP v - j] vp P p ), 

[M^, M pa ] = -i{jf p M VG + rf G M pp - rf a M vp - r) vp M pa ) (1.5) 



where /i,u,p,a = 0,1,2,3, the metric tensor in Minkowski space has 
the nonzero components 77°° = — 77 11 = —rj 22 = — r/ 33 = 1, and we use 
the system of units with 7i = c = 1. 



Chapter 2 



Systems with a fixed number of 
particles in the point form of 
relativistic dynamics 



2.1 Systems of two particles 

To describe a relativistic system of interacting particles it is necessary 
to choose first the explicit form of the unitary irreducible representation 
(UIR) of the Poincare group describing an elementary particle of mass 
m > and spin s. There are many equivalent ways to construct an 
explicit realization of such a representation [jST], |82j| . For our purposes 
it is convenient to choose the realization in the following form. 

Let p be the particle 4-momentum, g = p/m be the particle 
4-velocity, s be the spin operator, V(s) be the space of the UIR of the 
group SU(2) with the spin s, ||...|| be the norm in T>(s) and 

df) ^ = 2(2tt)V = 2(27r) 3 m 2 u;(p) ^ 

where u(p) = (m 2 + p 2 ) 1 / 2 and g° = (l + g 2 ) 1//2 (since g 2 = 1, only three 
components of g are independent). Then the Hilbert space H can be 
chosen as the space of functions <p(g) with the range in T>(s) and such 
that 

(<p,<p) = f\\<p{g)\\ 2 dp{g) <oo (2.2) 
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Let a(g) G SL(2,C) be the matrix 



i \ 9° + 1 + °"S t \ 

a{9) = WTW 2 ( ) 



where <x are the Pauli matrices, D[s; u] is the representation operator of 
the group SU(2) corresponding to the element u eSU(2) for the repre- 
sentation with the generators s, and g' = L(l)~ 1 g. Then if an element 
of the Poincare group is defined by a and / then the corresponding 
representation operator acts as follows 

U (a, l)ip(g) = exp{img'a)D[s; a{g)~ 1 la{g')](p{g') (2.4) 

(it is easy to verify that a(g)~ 1 la(g') eSU(2)). 

The generators of the UIR given by Eq. ( ^.4|) have the form 

P = mg, M = l(g)+s, N = ^°— + fx4 ( 2 - 5 ) 

og 1 + g° 

where g is the operator of multiplication by g and 1(g) = — zg x (d/dg) 
is the orbital angular-momentum operator. 

Let us now consider a system of two free particles with the 
masses m 8 > and the spin operators (i = 1,2). As follows from 
cluster separability (see Sec. [TTT| ) the representation describing the free 
system (1,2) must be the tensor product of the single-particle repre- 
sentations for particles 1 and 2. Therefore the representation space H 
is the space of functions ip(gi, #2) with the range in the tensor product 
T>(si) <g>D(s2) and such that 

J \\ c P(9i:92}\\ 2 dp(gi)dp(g 2 ) < 00 (2.6) 

where ||...|| is the norm in 2^(si) <8>P(s2) and, as follows from Eq. (|2.4|) , 
the operators of this representation act as 



U (a, l)(p(gi, g 2 ) = exp[i(mig[ + m 2 ^)a] • 

nDfeaW^aM]^^) (2.7) 

i=i 

As follows from Eq. (|2.V|) the total 4-momentum is now equal 
to P = m\g\-\-m<},g2- By analogy with the single-particle case we define 



the system mass and 4- velocity as M = \P\ and G = PM~ X respectively 
where the modulus of a 4-vector is taken in the the Lorentz metric, i.e. 
as \P\ = (P 2 ) 1 / 2 . It is easy to see that M > 0. Let us also define the 
4- vectors qi (i = 1,2) as 

q t = L[a(G)]- l m igi (2.8) 

It is easy to verify that qi = — q2, i.e. are the momenta of the 
particles in their cm. frame. 

The above expressions define G and q = qi as the functions 
of g^ {i = 1, 2). Conversely, the are uniquely defined by G and q: 

m lgl = q 4 + Ge^(q) + (2.9) 

where c^(q) = (m 2 + q 2 ) 1/2 , G° = (1 + G 2 ) 1/2 . It is easy to see that M 
as the function of q is equal to M = wi(q) +cj2(q)- A direct calculation 
using Eq. ( gTgp shows that 

dp(g\)dp(g2) = dp(G)dp(int), 
M(q) 3 d 3 q 

2(27r) 3 o;i(q)a;2(q)wi^2 
Let us define the " internal" Hilbert space H int as the space of 
functions x = with the range in P(si) <8>P(s2) and such that 

llxll 2 = /llx(q)ll 2 ^M) <oo (2.ii) 

We also define the Hilbert space H as the space of functions <p(G) with 
the range in H int and such that 

/ MG)\\l t dp(G) <oo (2.12) 

As easily follows from Eqs. (|2.11| ) and (|2.12| ), the operator 

U 12 = U 12 {G, q) = ft ^N; «(^)- 1 a(G)a(^/m,)] (2.13) 

i=i 

is the unitary operator from H to H. 

Our nearest goal is to determine the explicit form of the uni- 
tary representation U in H such that U(a,l) = UuUfa, l)U{~ 2 ■ The 



dp(int) = 0/0 _ v ,, . , N . TZ\Z 2 2 ( 2 - 10 ) 



form of the operators U (a) corresponding to the spacetime translations 
is obvious from Eq. ( |2T7| ) since Uu commutes with U(a): 

U{a)<p{G) = exp[iM(Ga)]<p(G) (2.14) 

To determine the form of the operators U (I) let us note that if 
g\ = L(/) _1 (/j, then, as follows from the definition of G as the function 
of gi and g<i- G{g' ll g' 2 ) = G' = L(l)~ l G. Taking into account that 
a(Gy l la{G') GSU(2) we get from Eq. that the vector functions 

q' = q^(g' 1 ,g , 2 ) and q = q(gi, #2) are related to each other by a three- 
dimensional rotation: 

q' = L[a{G')- l r l a{G)]c± (2.15) 

Let us define the unitary representation of the group SU(2) in 
Hi n t as follows. If u gSU(2) then 

Wx(q) = x[L{u)-\] (2.16) 

It is well known that l(q) are just the generators of the represen- 
tation defined by Eq. ( ^Tfi|) and therefore R(u) = D[\(q);u}. If 
if = (p{g\ ) g2) G H, (f = (fi(G) G H and cp = Uufi, then, as follows 
from Eqs. ( fT7j) , ( |2TT3| ), ( p7T5p and ( p7TB|) 

U(lMg h g 2 ) = U u ft D[si,a( qi lmi)- l a(G)- 1 ■ 

i=l 

da{G')a{q'Jm l )]D[\{ci)-a{G)- l la{G')](p{G') (2.17) 

Now we take into account the well known property (which can be veri- 
fied directly) that if u GSU(2) and g is some 4- vector such that g 2 = 1 
then 

ua(g) = a(L(u)g)u (2.18) 

Using this property and taking into account Eq. (|27T5|) we derive from 
Eq. (|27T7|) the final expression for the action of U (I) in H: 

U(l)(p(G) = D[S; a{G)- l la{G')]£{G') (2.19) 

where S = l(q) + Si + S2. 



Comparing Eqs. ( |2.14j) and (|27T^) on the one hand and Eq. 



( gTg) on the other we see that indeed M can be interpreted as the 
mass of the two-particle system, G as its 4-velocity and H int as the 
internal space of the two-particle system since the operators U(a,l) in 
H have the same form as the single-particle generators in Eq. ( |2.4j) if 
m is replaced by M, g by G and s by S. Therefore the generators T l 
(i = 1, 2... 10) of the representation U in H can be immediately written 
by analogy with Eq. (|2.5|) 

P = MG 1 M = 1(G) + S, ^ = ~ lG °^ + r^ ( 2 - 2 °) 

Here M is the operator of multiplication by the function M(q). This 
operator and the operator S act only through the variables of the space 

Hint- 

Since the representation U in H is the tensor product of the 
single-particle representations, the generators of U are sums of the cor- 
responding single-particle generators. We conclude that the sums of 
the single-particle generators can be written in the form of Eq. ( |^.^U|) 
only for the case of spinless particles since only in this case Uu = I. In 
the general case, if P are the generators of the representation U then 

P = Ui 2 t' l U^ (2.21) 

If particles 1 and 2 interact with each other then cluster sep- 
arability (see Sec. |TTT|) implies that the representation U describing the 
system (1,2) should be constructed in such a way that it becomes U 
when the interaction is turned off. The condition that U is the repre- 
sentation of the Poincare group is equivalent to the condition that the 
generators P (i = 1, 2. ..10) of this representation satisfy the commuta- 
tion relations in the form of Eq. ( |1.5|) . In the point form the simplest 



way of introducing the interaction into the two-particle system is to 

write P = Uut'Uu 1 where f * are the generators defined by Eq. ( \Z.2($ ) 
but with M replaced by a self adjoint operator M mt in H such that M mt 
commutes with S and becomes M when the interaction is turned off. 
Therefore, as follows from Eq. ( |2.20|) , the representation generators in 



H have the form 



P = MG, M = U 12 [l(G) + S}U U \ 

N = Ul2[ - lG °m^TT§ ]u ^ (2 - 22) 

where M = U l2 M mt U^ . 

A similar way of introducing the interaction into the two- 
particle system was first proposed by Bakamdjian and Thomas |53 



m 



the instant form. The Bakamdjian-Thomas (BT) procedure has been 
discussed in detail in refs. [f|3], |83j where it has been shown that in 
the general case interaction terms should be also introduced into the 
operator U\ 2 , i.e. we should replace U12 by a unitary operator U\ 2 = 
A12U12 while the choice A\ 2 = 1 can be substantiated only for particles 
of equal mass. Since the most interesting applications of the results 
concerning the ECO are expected to be in cases when constituents have 
equal masses (in nuclear physics we usually can neglect the difference of 
masses between the proton and the neutron and in constituent quark 
models the same can be assumed for the masses of the u and the d 
quarks), we shall consider in this paper only the case A\ 2 = 1. 

We can write M mt = M + v, and if the interaction operator v 
is an integral operator then its action can be written as (see Eq. (j2.1L)j) ) 

r / f\ / i\ M(q r ) 3 d 3 q' 

where the kernel i?(q, q') is an operator acting only through the spin 
variables. 



2.2 Sokolov's method of packing operators for sys- 
tems of three particles 

Let us consider a system of three particles with the masses 
rrii > and the spin operators Sj (i = 1,2,3). The three-particle 
Hilbert space H is the tensor product of the single-particle spaces H^. 
Now we supply the operators relating to the subsystem ij with the 



corresponding index, for example Py, M^-, etc. We use P to denote 
the 4-momentum operator when all the three particles do not interact 
with each other, Puj) k to denote this operator when only particles i 
and j interact with each other (i 7^ j 7^ /c) and P to denote this 
operator when all the three particles interact with each other. The 
corresponding mass operators will be written as M, Mnj\ k and M and 
the corresponding 4-velocity operators as G, Guj\ k and G. As follows 
from cluster separability and Eqs. (|2T5Q and ( |2.22Q , P(ij)k = M^Gij + 
rrikgk and therefore 

A/r I tCjt ry l n M^Gij + m k g k . . 

M (ij)k = \MijUij + m k g k \, ^(ifik = ; ^ — ; 1 



\M tj Gij + m fc ^fc| 



while 



M = \MijGij + m k g k \ = \rn.g, + m^- + m k g k \, 
__ MijGij + m k g k _ m l g i + + m k g k 



MijGij + m fc ff fc _ m l g i + + m k g k ^ 
\MijGij + mfc^l \mi9% + wtyg,- + 

In the point form the operators U (a) = exp[i(Pa)} and U (I) 
define a unitary representation of the Poincare group or in other words, 
the operator P and the generators of the representation / — > U(l) must 
form the system of generators satisfying the commutation relations 
( |1.5|) . In addition, as follows from cluster separability, the operator 
P must become Puj) k when all interactions involving particle k are 
turned off. 

By analogy with the way of introducing the interaction in 
Sec. \Z.i\ and with ordinary quantum mechanics one might think that a 
possible way of writing the three-body mass operator is to represent it 
in the form 

M = M + (M (12)3 — M) + (M (13)2 — M) + (M (23)1 - M) (2.26) 

since this operator indeed becomes Muj\ k when all interactions involv- 
ing any particle k are turned off. However Eq. ( |2.2(j| ) cannot be correct 



since it leads to the breaking of the commutation relations ( |1.5|) . The 



matter is that M commutes with G, M^j. commutes with and 
all the operators G, G(i2)3, GVi3)2> ^(23)1 differ each other. 

The idea of the Sokolov method of packing operators Q3j is 
that the composition of interactions in the three-body mass operator 
should involve only mass operators commuting with one and the same 4- 
velocity operator, for example with G. To realize this idea Sokolov notes 
first that, as follows from physical considerations, all the operators G 
and Guj\k should have the same spectrum and therefore these operators 
should be unitarily equivalent to each other even if the operators 
and Mij have different spectra. Let Aij^ be such a unitary operator 
that 

G(ij) k = Aij,kGA^ k (2.27) 

Then the operators 

Mij, k = A^ k M {ij)k A m (2.28) 
commute with G. Suppose also that the unitary operator A is con- 
structed from the operators ^12,3, ^13,2 and ^23,1 in such a way that it 
becomes Aij^ when all interactions involving particle k are turned off. 
Then we can construct the mass operator M as 

M = AM 123 A-\ M 123 = M + (Mi 2 ,3 — M ) + 

+(M 13 , 2 - M) + (M 23 ,i — M) + y 123 (2.29) 

where V123 is a three-particle interaction operator which commutes with 
G, with U (I) and becomes zero if all interactions involving any of three 
particles are turned off. 

The difference between Eqs. (|2.2(j|) and ( ^!.29|) is that the 
"auxiliary" mass operators entering into the expression for the 

"auxiliary" mass operator M123 commute with one and the same 4- 
velocity operator G. The operator M in Eq. ( |2.29| ) satisfies cluster 
separability since if all interactions involving any particle k are turned 
off then M123 becomes M^, A becomes and therefore, as follows 
from Eq. (^.28|) , M becomes Muj\ k . At the same time, if the operators 
Aijfi and A commute with U(l) then the commutation relations and 
cluster separability will be satisfied if 

P = MG, G = AG A 1 (2.30) 



This statement can be proved if we note the following. The set 
(P(jj)fc,M,N), where M and N are the generators of the three-particle 
representation U(l), satisfies the commutation relations ( |IT5| ) by con- 
struction. Therefore the set (Pij,k = M^G, M, N) also satisfies these 
relations as follows from Eqs. ( |2.2V| ), ( |2.28| ) and the fact that Aij^ com- 



mutes with M and N. In turn this means that M^fc commutes with G : 
M and N. Therefore, as follows from Eq. f ^.29|) , M123 also commutes 



with G, M and N. In turn this means that the set (P123 = Mi23G,M,N) 
satisfies the conditions QTT51). Therefore the set (P = MG,M,N) also 



satisfies these conditions since A commutes with M and N. This set 
satisfies cluster separability by construction since when all interactions 
involving any particle k are turned off then P becomes P(ij)k- 

We see that the sense of the operators is that they " pack" 
the operators Mu^ to the operators My^ (see Eq. ( |2.28| )). The latter 
enter into the expression determining the composition of interactions 
in Eq. { \A.'A\$ ). That is why Sokolov referred to his method as that of 
packing operators. 

Following Sokolov j3j] we shall seek the operators A^k in the 

form 

A ijjk = U^kiM^r'B^M^ 1 (2.31) 

where the unitary operators B^^M™ 1 ) and Bij^Mij) commute with 
the operators of the tensor product Uij<S>Uk reduced on SL(2,C). As 
usual, the dependence on a selfadjoint operator is understood in the 
sense of the spectral decomposition. Namely, if e^*(m) is the spectral 
function of the operator Mf- 1 and is the spectral function of the 
operator then 

Bij,k(Mif) = jB m (m)de^ (m), 

Bij^Mij) = J B lJ}k (m)de l3 (m) (2.32) 

Here the integrals are understood as the strong limits of the correspond- 
ing Riemann sums. The operators (|2T32]) are correctly defined and are 
unitary if the operators Bij^(rn) are unitary and commute with e^*(m') 
and eij(m') for all m and m' belonging to the spectra of the operators 



Mjf and M iy 

As follows from Eqs. (ggg ), ( ggg) and ( ggg) 

<%)fc = G{G ij: g k7 m)de^ t (m)}^ 1 , 

G = C^-{ / G(G tv g k , m)de ij (m)}Ur j 1 (2.33) 

where 

G(Gij, g k , m) = — — — (2.34) 



Then, as follows from Eqs. f [CTH2^3D , Eq. (|Z2ZI) will be satisfied if 
the operator 

C(G^, = B lJik (m)G(G lJ , g k , m)B lJ]k (my 1 (2.35) 

does not depend on m. In refs. 0] there were explicitly considered 
the cases C(Gij,g k ) = g k and C{Gij 1 g k ) = GV,- and in ref. j5j there 
was explicitly considered an infinite number solutions corresponding to 
different choices of C(Gij, g k ). It has been shown that only the solution 
with C(Gij,g k ) = has physical sense. Therefore the problem of 
finding the operators Aij jk will be solved if we succeed in finding the 
unitary operators Bij ik (m) commuting with e^*(m'), e$j(ra'), with the 
operators Uij®U k reduced on SL(2,C) and such that 

B lJ]k (my 1 C(G lJ , gk)B ijik (m) = G(G lJ ,g k ,m) (2.36) 

2.3 Explicit expressions for the packing operators 
and the operators 



As follows from Eqs. ( |Z77| ) and (|2.19|) , the tensor product of the rep 



resentations Uij and U k reduced on SL(2,C) is realized in the space of 
functions (p(Gij,g k ) with the range in H™* <g)T)(s k ) and such that 

/ MG&gdtfdpiGifidptek) < oo (2.37) 

where the norm is taken in the space H™* T>(s k ). The operators of 
this representation act as 

[Uij(!)®U k (!)]<p(G ij ,g k ) = D[S ij ;a(G ij )- 1 la(G , i A] ■ 



■D[s k ; a(G k )-Ha(G , k )MG , ij1 g' k ) (2.38) 

where G'^ = L(/)~ 1 Gjj, g' k = L(l)~ l g k and is the spin operator of 
the system ij defined in Sec. p7T| . 

We introduce the 4- vector 

K l3 {m) = Kij{G i5 ,g ki m) = L[a(G(m))]- 1 m^ (2.39) 

where for simplicity we write G(m) instead of G(G{j, g k , m). The vector 
defined by Eq. ( |2.39| ) has the sense of the 4-momentum of the system 
ij with the mass m in the cm. frame of the system consisting of ij as 
the subsystem and particle k as the other subsystem (compare with 
Eq. flZT7p ). We use K\Am) to denote the quantity Kij(G' i j, g k ,m). By 
analogy with Eq. ( |2TT5|) it follows from Eq. ( p739|) that the quanti- 
ties Kij(m) and KUm) are related to each other by a usual three- 
dimensional rotation: 

K i:j (m) = L[a(G(m)) _1 Za(G'(m))]l^m) (2.40) 

where G'{m) = L(l)- l G(m). 

Instead of G%j and g k we can choose as independent variables 
G(m) and g k . Then a direct calculation using Eq. (|2T34j) yields 

dp(G(m)) = J(Gij } gk,m)dp(Gij) : 



J(G tJ ,g k ,m) (2.41, 

|mGij + m k g k \* 

Now using Eqs. ( |2.39| )-( |2T4T| ) it is easy to verify that the operator 
Bij, k {m)~ l defined as 

Bij ) k(m)~ 1 (p(Gi j ,g k ) = J(G lJ , g k , m) 1/2 D[S^; a(G lj y 1 ■ 
•a(G(m))a(^(m)/m)]^(G(m),^) (2.42) 

is indeed unitary and commutes with the operators Uij(l) <8)U k (l) de- 
fined by Eq. ( ggg) . 

Let us introduce the 4-vectors 



#(m) = H(G l3 ,g k ,m) = —{Gij[m k (Gij, g k ) + 

+(m 2 + ml(Gij, g k f - m 2 k ) 1/2 } - m k g k } : 

R(m) = R(Gij, g k , m) = L[a(G lJ )]- 1 m^(m) (2.43) 



The operations Gij — > H(m) and Gij — > G(m) are inverse to each other 
since it is easy to verify that 

H(G(m),g k ,m) = G(H(m),g k ,m) = G iy 

Therefore using Eq. (|2.42j) it is easy to verify that 

B lJjk (m)(p(G tJ ,g k ) = J(H(m), g k ,my 1/2 D[S lJ ] a(R(m) /my 1 ■ 
aCGfcO'tytfM/roJMHM, 9k) (2.44) 

Finally, it is easy to verify that the operators defined by Eqs. 
and ( gggj) satisfy Eq. (ggg) . The action of these operators 
through the variables of the space H™ 1 is fully defined by the operator 
Sij and the quantities Gij and g k . Since Sy, Gr^ and commute 
with M?" and Mij (see Sec. |27I| ) then B^im) indeed commutes with 
e^(m') and eij{m!) for all m and m'. Therefore we conclude that the 
operators Bij^m)^ 1 and Bij )k (m) defined by Eqs. ( |2.42|) and ( |2.44j ) 
satisfy all the necessary conditions. 

The three-particle representation of the Poincare group is real- 
ized in the tensor product of the three-particle spaces, i.e. the Hilbert 
space H is now the space of functions (p(gi, gi-, 93) with the range in 
P(si) <8>D(s2) (g)X>(s3) and such that 

3 

J \M9i, 92, 9s)\\ 2 U M9i) < 00 (2.45) 

Instead of the variables giSi-,93 we introduce the variables G,ki,k2,k%, 
where G id defined by Eq. ( \Z.'Zb\ ) and the ki (i = 1,2,3) are formally 
defined as qi in Eq. ( gT8j) but for the case of three-particles: 

qi = L[a{G)]- l m igi , (2.46) 

while Eq. ( |2.8|) should be rewritten as 

kf j) = L[a(G lJ )]- 1 m^ (2.47) 

and should be understood as the spatial part of gj . Now g-^ 
has the sense of the 4-momentum of particle i in the cm. frame of the 
system ij and the quantities ki are the 4-momenta in the cm. frame of 



the three-particle system. These 4-momenta are not independent since 
ki + k2 + k3 = as it should be. A direct calculation using Eqs. (|2.2b|) 
and (\zAq ) yields 

3 

H dp{g l ) = dp(G)dp(int), p(int) = 2(2tt) 3 M 3 • 

•^(ki + k 2 + k 3 ) n dp{k i /m i ) (2.48) 

i=i 

where the mass of the three-particle system is expressed in terms of the 
ki as M = cji(ki) + cj 2 (k 2 ) + w 3 (k 3 ). 

In the three-particle case we introduce H int as the space of 
functions x = x(ki,k 2 ,k 3 ) with the range in T>(si) ®2}(s 2 ) (8>P(s 3 ) 
and such that 



Ixl 



= / ||x(ki,k 2 ,k 3 )|| 2 ^(m^ < oo (2.49) 



We also introduce the Hilbert space H as the space of functions <f(G) 
with the range in H int and such that 

J \\(p(G)\\l nt dp{G) <oo (2.50) 

(formally this expression looks as Eq. ( |2.12| ), but it is clear that in the 
cases of two and three particles the spaces H int are different). Then, as 
easily follows from Eqs. (|2.45|) and (|2.48H2.50| ), the operator 

Um = ft D[s i; a^a^aiki/mi)] (2.51) 

i=l 

is the unitary operator from H to H. 

Since the vectors ki are not independent, it is often convenient 
to choose in H int any two independent vectors, for example and k^ 
where K^- is the spatial part of the 4-vector Kij = ki + kj and is 
the spatial part of the 4-vector 

k? j) = LlaiKij/Mi^-% (2.52) 

As follows from Eq. (|2.46|) , coincides with the 4-vector introduced 
in Eq. ( gT39| ) for the case m = My. A direct calculation shows that 



instead of Eq. the volume element dp(int) in the variables K 



i>3 

and kjj has the form 

, / \ M 3 M l? d 3 K l7 (f 3 k r , 

dp(int) = - - - (2 53) 

4(27r) 6 E u ^(k lJ )cj J (k u )cj fc (K u Vi w 2^3 ' 

where M %] = ^(k^+o^ky), £? y = (My + K?-) 1 / 2 , M = J^+c^Ky). 
Let us note that the dependence of on ky is the same as on 
(see Sec. PTTp since, as follows from Eqs. ( |2.4b|) , f [Z.4V|) and ( |2.52|) , these 
vectors are related to each other by the three-dimensional rotation: 

qy = L[a(G^)" 1 a(G)a(^/M u -)]k^ (2.54) 

Let w — ► i?(w) be the representation of the group SU(2) in 
Hi n t which acts as 

R(u) X (k h k 2 , kg) = xiHu)- 1 ^, L(u)-%, L{u)- 1 ^) (2.55) 

It is easy to show that the generators of this representation can be 
written as l(K^) + l(k^-) for any ij. Then by analogy with Eq. ( |2.19| ) 
it is easy to show that if U(a,l) = Ui23U(a,l)U{ 2 \ then the action of 
U (I) in H is given by 

U{l)(p{G) = D[S; a{G)- l la{G')]${G') (2.56) 

where G' = L{l)~ l G and S = l(K^) + l(k^) + Si + s 2 + S3. Comparing 
Eqs. ( |ZT4Q and (|2.56| ) we see that the operator S has the sense of the 
spin operator for the three-particle system, and therefore the operators 
M and N for the representation defined by Eq. ( |2.56| ) indeed have 
the canonical form given by Eq. (|2.2U| ) but now G is the three-particle 
4-velocity and S is the three-particle spin operator. 

Let us begin to calculate the operator M{j jk . As follows from 
Eqs. ( gggp , (|272J), (p73Tp , ( gggp and (^|J) 

M lhk = UijBij ik {MijY l Bi j ik ( M^) I M^Gi j + m k g k \ ■ 

■B^M^B^M^ 1 (2.57) 

and, as follows from Eqs. (|ZT43f) and (|Z4p 

%,(.u;; / )|.u;;"r;, / + m kgk \B l]M {M^)- 1 = m k (G tJ , gk ) + 

+ [(M^) 2 + mt(G lv g k f - ml] 1 ' 2 (2.58) 



If M™ 1 = Mij + Vij then we introduce the operator 

and, as follows from Eqs. (|2.42|) and (|2T44| ) 

= ^(Ky) + [(Mij + + K 2 -] 1 / 2 (2.59) 
where we have taken into account that, as follows from Eq. ( |2.46| ) and 

m k [Mij(Gij,gk) + m k ] 



the definition of 



MijGij + m k gk\ 



= WfcCKy) (2.60) 



The action of in i7 is determined by the operator 
such that Mjj^ = U^M^^U^. Let us introduce the operator -y^- such 
that ^ = ^123% Then as follows from Eq. ( fT59j) 

M ijjfe = ^(Kij) + [(My + + K 2 -] 1/2 (2.61) 

The operators of multiplication by u k and do not depend 
on the variable G and act only through the variables of the space Hi nt . 
A direct calculation using the definitions of the operators v$, Vij and 
Eqs. ( gngp , ([Z23D , (gjg ), (gg) ( P3T1) shows that ^ has the same 
properties and its action in H int is given by 

VijXiKijMj) = /{ II ^[sr,a(^M)a(^7M ij )a(^ j) M)]} • 

M' K° M- ■ M >2 rl 3 W 

1m J ^^' k ^2(27r)3mfm]o; i (kya; i (ky ^ 

where i£y is the 4-vector ((M 2 - + K 2 -) 1 / 2 , Ky) and in all the primed 
functions of and k y - the argument k^ is replaced by kL. We con- 
clude that Mjj^ actually acts only in Hi nt and therefore we can write 
Mf£ k instead of Mi^ k . This result can be also proved when Aij ^ 1 (see 
Sec.' gg ). 



Using Eq. (|2.h3| ) one can verify that is the Hermitian 



operator in H int , and, as easily seen from Eq. ( \Z.b'dj ), [vy, S] = 



Comparing Eqs. ( |2T23j) and (gTggj) we see that while i^- does not act 



through and the variables of particle k and acts only through 
and the spin variables of particles i and j (i.e. acts only in H™ 1 ), the 
operator does not act through G and the spin variables of particle 
k, commutes with and acts only through k^- and the spin variables 
of particles i and j. In the general case, if Oij is an operator which acts 
only in H™*, does not act through the other variables and 



Oij = U^UijBij^Mij^OijBi^iM^U^Um (2.63) 



Then by analogy with Eq. ( |2T52| ) it can be shown that 



Oij = ^ ^ 3/2 H U DfcMh/mO-^Kij/Mij) ■ 
■a(fc i (<i) M)]}F(Oy){ II Dfaafa/mi)- 1 ■ 

l=ij 

•«(^y^)«(ferv^0]}" 1 ( ^p, ) i/ 2 ^, ( 2 -64) 

where the operator F(Oij) acts through in the same manner as 
acts through q^. 

The operator V123 in Eq. (|2.2fc)| ) will satisfy all the needed 
properties if 

^123 = ^123^123^123 

and -Ui23 is an operator which acts only in Hint and commutes with S. 
This follows from the fact that, as pointed out above, the generators 
of the representation defined by Eq. (|2.hb|) has the form of Eq. (|2.2U|) . 



Therefore the operator M123 can be written as M123 = ^123^123^123 
where 



M[f 3 = M+ (M^; 3 — M) + (M$* 2 — M) + (M™ — M) + v l2i (2.65) 

If we are interested in calculating only the spectrum of the 
three-body system and the internal three-body wave function, we can 



consider only the eigenvalue problem for the operator My^ in Hi nt 
since is unitarily equivalent to the three-particle operator M by 
construction. Using Eqs. (|2.bl|) and ( \Z.b'4) it can be easily shown 



that the operator defined by Eq. ( |2.6h| ) coincides with the three-body 
mass operator in the instant form derived in ref. j83j if Aij = 1 and the 



normalization in both cases is chosen to be the same. In turn, as shown 
in ref. [pE3f| , such a mass operator is unitarily equivalent to the mass 



operators derived in refs. |85|, 0, |85|, [871, iH, H, [5], 0, |8l| fr° m different 
considerations in different forms of dynamics, and the choice of such a 
solution for the three-body mass operator has a physical substantiation. 

To completely describe the representation of the Poincare 
group for the three-body system we have to choose an explicit expres- 
sion for the operator A in terms of Aij^- This can be done in different 
ways [§, f|, |5j. However, as we shall see in Sec. |3T5| , the physical observ- 
ables for the three-particle system do not depend on the choice of the 
expression for A in terms of ^12,3, ^13,2 and ^23,1- 

The results of Sees. £72] and can be summarized as fol- 



lows. The operators U(a) and U(l) describing the representation of the 
Poincare group for the three-particle system can be written as 

U(a) = AU 123 U(a)U u \A-\ U(l) = U m U{J)U^ 

where A is a unitary operator commuting with U(l). The "auxiliary" 

representation defined by the operators U(a) and U(l) has the same 
form as the single-particle representation but the role of the "external" 
variable is played by G, the role of the internal space — by the space Hi nt , 
and the role of the mass and spin operators — by the operators Mf^ and 
S which act only in Hi nt and commute with each other. Therefore the 
three-particle generators in the three-particle Hilbert space H can be 
written as (compare with Eq. ( \Z.2'4 )) 



P = AU m Mi&GU^A-\ M = t7i 23 [l(G) + S]^, 



,0 d , , SxG lrM 



N = Uuz[-iG»— + + TT ^]U^ (2.66) 



2.4 On the problem of constructing the packing 
operators for systems with any number of par- 
ticles 



The representation of the Poincare group for a system of N particles 
with the masses m 8 > and the spin operators Si {i = 1, ...N) is realized 
in the space of functions <p(gi, ...pjv) with the range in T>(s\) • • • <g> V(sn) 
and such that 

7 llpfei, -^)|| 2 I1^) < oo (2.67) 

i=l 

Instead of the variables gi,...g^ we introduce the variables G,ki,...k^f 
where G = (m\gi + ... + rriNgN) /Wngi + ••• + ^a^tvI and the k{ are 
formally defined as in Eq. ( |2.46| ). Then by analogy with Eq. Q2.48Q 
one can show that 

N 

H dp{g l ) = dp(G)dp(int), dpiint) = 2(2tt) 3 M 3 • 

i=l 

N 

•(^(kx + ... + k N ) n dpfc/rm) (2-68) 

i=l 

where M = cji(ki) + ... + u^k/v). The "internal" space H int can be 
defined by analogy with Eq. ( |^.4y| ), i.e. as the space of functions 
x(ki, ...kjv) with the range in ^(si) (g> ... ®V(sn) and such that 

||x|| 2 = y \\x(ki,...k N )\\ 2 dp{int) <oo (2.69) 

and the space H can be defined as the space of functions (p{G) with the 
range in H int and such that Eq. (|2.5U|) is satisfied. Then by analogy 
with Eq. ( |2.51| ) one can show that 

N 

U=i[ D[ Sl ; aigi^afflafa/mi)] (2.70) 

i=l 

is the unitary operator from H to H. 

Our goal is to construct a unitary operator A in H such that 
A commutes with £/(/), the generators P of the representation under 



consideration (i = 1, ...10) have the form P = AUT l U l A 1 , where the 

operators P in H have the following "canonical" form (compare with 
Eqs. ( \rm) and flgjfjgp ) 



P = M ira G, M = [1(G) + S], N = -^°^ + f^ ( 2 - 71 ) 

Mj n t and S act only in Hi nt , S satisfies the commutation relation for 
the spin operators and [Mint, S] = 0. 

As explicitly shown above, such a construction does exist for 
systems of two and three particles. In the case of four and more particles 
a possible way of constructing the system of generators in the form of 
Eq. flZTTQ ) is the following. 

First it is necessary to find unitary operators A a p such that 
compare with Eqs. (|2.24| ) and (|2T2T|)) G a p = A a pGA a ^ where a and 



(3 are any subsystems comprising our system and 

a/? ~ I ]C/r n 7 a> r I 1 j 

where M a and (j a are the mass and the 4-velocity operators of the 
system a and analogously for Mp and Gp. If we know the operators 
A a p for any partition of our system into two noninteracting subsystems 
then we also know the operators A a ^_ Mn for the case when our system is 
partitioned into n noninteracting subsystems a±, ...a n . These operators 
satisfy the property 

^ai...a n G^-at..a n = ^ai...a n (2.73) 

where G ai ...on is the 4-velocity in the case when the subsystems a±, ...a n 
do not interact with each other (in this case G ai ...a n depends only on 
interactions inside the subsystems a.\, ...a„). 

Let Mf ai \f an \ be the system mass operator in this case. Ac- 
cording to the idea of the Sokolov method of packing operators, we can 
introduce the "auxiliary" mass operators 

M ai ... an = W- 1 A" 1 ... an M (ai) „. (aB) A ai ... aB W (2.74) 



which act in Hi nt and commute with G by construction. Then we con- 
struct the operator M int from the operators M ax __ Mn and the unitary 
operator A from the operators A ai _ an in such a way that M int becomes 
M ai ... an and A becomes A ai _ an when all interactions between the sub- 
systems oti, ...a n are turned off. If this program is carried out then the 
generators given by Eq. f [2.7lD will satisfy all the required properties. 

This program has been proposed and partially carried out by 
Sokolov [[891, PD|1 . The major technical difficulty in realizing the program 
is the following. The operators A a p should be constructed in such a 
way that the operators A au „ Mn do not depend on the order in which the 
interactions between the subsystems are turned off (see the discussion 
in refs. |JU], £|, |5|, |JJT], [f3|. If this is the case then the operator M int can 



be constructed as (see refs. [^D|, [|, |5], [JT], |33j for details) 

N 

M m£ =E(-l)^-l)!Mg + % , M$= E M™i ak (2.75) 

k=2 ai...a k 

where vjy is some "N-particle" interaction and the sum in the second 
expression is taken over all partitions of the indices 1,2, ...N into k groups 
a\...ak- In particular, this expression becomes Eq. (|2.b5|) if N = 3. 

One might try to seek explicit solutions for the operators A a p 
not leaving the frames of the point form. The operators satisfying Eq. 
( p^.Y5| ) have been found by Sokolov in ref. [|89|1 , but these operators do 
not satisfy the symmetry condition mentioned above if N > 3. Never- 
theless the construction by Sokolov and Shatny [[77j which establishes 
the unitary equivalence of three basic forms for any number of parti- 
cles makes it possible to find the packing operators in the point form 
if they are found in some other form. Since the N-body problem is 
solved by Coester and Polyzou 0] and Mutze U in the instant form 
(see also refs. [^U], [|2], |53[]), then the solution for the operators A a p exist 
also in the instant form. For this reason, considering the problem of 
constructing the ECO we shall assume that for any TV the generators 
of the Poincare group can be written in the form of Eq. (|2.Y Some 
aspects of the unitary equivalence of three basic forms are considered 
in Sees. ^2] and £T2|. 

In this chapter we did not consider the conditions imposed 



by the P and T invariance, but it is easy to show [g, |52], @, [3], |43] 
that they are not too restrictive. Therefore considering the problem of 
constructing the ECO we shall assume that RQM can be constructed 
in such a way that it is invariant under the extended Poincare group 
containing the operations P and T. As noted in Sec. |P| , the operators 
Up and Ur can be chosen as for the case of free particles and therefore 
the action of these operators in H can be written in the form j82f 

N 

u P ip(g h ...g N ) = (Uvip) ( p{-si,--SN), 

i=l 
N 

U R cp{g h ...g N ) = {l[r]i R D[s i ;C]}<f{g h ...g N ) (2.76) 

i=l 

Here tup and tjir are the P and R parities of the i-th particle, the bar 
means the complex conjugation, C = 102 and we write instead of gi 
in the arguments of the function ip. It is easy to show that the operators 
Up and Up reduced onto the space H int have the form 

{7px(ki,...kjv) = (Il^p)x(-ki, ... -kjv), 

i=i 

N 

U RX (k h ...k N ) = {i[r ]lR Dls l ;C}}x(k h ...k N ) (2.77) 

i=l 



Chapter 3 



General properties of the 
electromagnetic current operator 

3.1 Relativistic invariance and current conserva- 
tion 

Let x = be the origin in Minkowski space. Then, as follows from Eq. 

p{x) = exp{iPx)P{0)exp{-iPx) (3.1) 

and, as follows from Eqs. QTTTHOl) and ( |5TT|) , the operator J M (0) must 
satisfy the properties 

U(iy l J^)U(l) = L(l)tr(0), [P M> >(0)] = (3.2) 

while the charge operator is expressed in terms of J v (0) as 

Q = J exp(iPx)J fl (0)exp(—iPx)d(j fi (x) (3.3) 

On the contrary, suppose we have found the operator J^(0) 
satisfying Eq. ( |3T2|) , cluster separability and the condition that the 
operator defined by Eq. (|5.3Q does not depend on A and r and has only 
one eigenvalue equal to the sum of the electric charges of constituents. 
In this case we treat Eq. ( |3.1|) as the definition of J^(x). Then, using the 
well known properties of representations of the Poincare group, it is easy 
to verify that the operator J^(x) defined in such a way indeed satisfies 
all the necessary conditions. We see that the problem of seeking the 
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operator J fJ '(x) can be reduced to the problem of seeking the operator 
>(0). 

The action of J^O) in H is defined by the operator such 

that 

>(0) = AUJ^U- l A- 1 (3.4) 
It will be convenient to define the action of J M in H as follows 

J»(p{G) = 2 / M?£P(G, G')M?!fa(G')dp(G') (3.5) 

where the kernel J^(G, G') is an operator in H int for any fixed values 
of G and G' . Since is the selfadjoint operator in H, the kernel 
must satisfy the property J^(G,G')* = J^(G',G) where * means the 
Hermitian conjugation in Hint (in the general case the property of an 
operator to be selfadjoint is stronger than to be Hermitian but we shall 
not discuss this question). 

It is obvious that the first expression in Eq. (|3.2|) will be 
satisfied if 

U{l)- l PU(l) = L{lfJ v (3.6) 

The action of the operators U (I) is defined by Eq. and therefore, 

using Eq. ( |375|) , one can show that Eq. ftTDj ) is satisfied if 

= L{iy v D[$-a{G)-Ha{L{l)- l G)]J v {L{l)- l G, 
L(l)- l G')D[S- aiG'yHaiLil)- 1 ^)}- 1 (3.7) 

Note that in contrast with the notations of Chap. |2j the quantities G 
and G 1 in this expression are arbitrary and / is an arbitrary element of 
the group SL(2,C). 

We use a(G, G') to denote a((G + G')/\G + G'\) gSL(2,C) 
and L(G,G') to denote the Lorentz transformation L[a(G,G')}. We 
also introduce the 4-vectors 

/ = L(G, G')~ l G, f = L(G, G')- l G' (3.8) 

These 4-vectors are constructed as the cm. frame 4-velocities of two 
particles with unit masses and the 4-velocities G and G' (compare with 
Eq. (p~8| ) ) . Let us note that this is only a formal construction since 



G and G' in Eq. ( p.b|) have the sense of the 4-velocities of one and 
the same system in the final and initial states. Nevertheless, as follows 
from Eq. fl5Tg|) , the 4- vectors / and /' are such that 

f = f 2 = l, f + f = 0, f° = f'°= (l + f 2 ) 1/2 (3.9) 

Therefore the 4-vectors / and /' are fully determined by one three- 
dimensional vector h = f//°. Note that h < 1. 

If the operator J M satisfies Eq. ( gTgj) then, as follows from Eq. 

jf\G,G') = L{G,GY v D[S-a{G)- 1 a{G,G')a{f)]j v (h)- 

• D[S; a(G f/ ) _1 a(G f , GX/')]" 1 (3.10) 

where we use j^(h) to denote J M (/, / ). As follows from Eq. flSTBf) , the 
condition for the Hermiticity of the operator J fl (G, G') (see the remark 
after Eq. ( |375|) ) will be satisfied if and only if j^(h)* = j v {— h). We see 
that if Eq. ( pTB|) is satisfied then the kernel of the operator is fully 
determined by an operator the action of which in Hi nt depends only on 
h. As follows from Eq. (0771) and the fact that ua(G) = a(L(u)G)u if 
w eSU(2), the operator j v {h) has the property 

/(h) = L(uY p D[S; u]/(£M _1 h)£>[S; u]" 1 (3.11) 

In particular, since £(w) is the three-dimensional rotation correspond- 
ing to u GSU(2), Eq. (07Cq) yields 

j°(h) = J D[S; W ]3°(^)~ 1 h) J D[S; W ]- 1 , 

j(h) = L(u)D[S; n]j(LW- 1 h)L>[S; u]" 1 (3.12) 

On the contrary, let be an operator satisfying Eq. (^TT2j) 

and Eq. ( |3.10| ) be treated as the definition of J^(G, G 1 ). Then we have 
to verify that Eq. ( [3771) is satisfied. This can be done directly taking into 
account that the 4-vectors /(/) and f'(l) which are constructed from 
L{l)~ x G and L(l)~ l G' in the same manner as / and /' are constructed 
from G and are connected with / and /' by the three-dimensional 
rotation: 

/ = L[a{G,G'y l la{L{iy l G,L{l)- l G')]f{l), 

f = L[a(G, G')~ l la(L{l)- l G, L{l)- l G')]f{l) (3.13) 



We conclude that the first expression in Eq. (|5T2| ) will be 
satisfied if G') is expressed in terms of j v {h) according to Eq. 

( |3TD| ) and j v (h) satisfies Eq. ( |XT2| ). 

Let us now consider the second expression in Eq. ( |3.2|) which 
is the consequence of the continuity equation. As easily follows from 
Eq. (|3.5|), this expression is satisfied if and only if 

M mt G,P(G, G') - J»(G, G')M int G'^ = (3.14) 

In turn, as follows from Eqs. (|375Q and (|3.8H3.1(J| ), Eq. ( |3.14|) is satisfied 
if and only if 

[M in \j°(h)}=h{M in \l(h)} (3.15) 

where we use curly brackets to denote the anticommutator. Therefore 
Eq. ( |3.15| ) is the sufficient condition ensuring the continuity equation. 

Let us consider some simple consequences of Eq. ( |3.15| ). If 
h = then 

[M in \j°(0)} = (3.16) 

It will be shown in Sec. |3T3| that j°(0) = e where e is the electric 
charge of the system under consideration. Therefore j°(0) must indeed 
commute with M mt . 

Taking the derivative of Eq. ( |3.15| ) over h at h = we get 

[M in \ = {M m \ j(0)} (3.17) 

Let Ilj be the projector onto the subspace in H int corresponding to the 
discrete eigenvVe m, of the operator M«. Then as follows from Eq. 

(EnnD 

nj(0 )n) = n^l Ui m Uj ( 3.i 8 ) 
m l + rrij oh 

In particular 

nj(o)n, = o (3.19) 

Assuming that j°(h) and j(h) are analytic functions of h in 
the vicinity of the point h = we can expand both parts of Eq. ( |3.15| ) 



in powers of h and equate the terms containing equal powers of |h|. 
Then we get 

[M ,„ ti d" +1 ?(Q) = ^ ^ e-^o) 

9/i ix • • • d/i in+1 ~ l=1 dh h ■ ■ ■ dhi^dh^ ■ ■ ■ dh hi+1 

(3.20) 

where ii,...i n+ i=l,2,3, n = 0, 1 . . .. To investigate the consequences of 
Eq. (|3.15|) in more details it is convenient to use the spectral decom- 
position of the ECO. This is done in the next section. 



3.2 Spectral decomposition of the ECO 

Let ei nt (m) be the spectral function of the operator M mt . In the 
general case J^(G, G') does not commute with Mi n t and therefore we 
cannot write the spectral decomposition of J^(G,G') by analogy with 
Eq. ( |2.32|) . However we can define J fi (G,G') using a set of operators 
Jv(G,m;G', m') such that 

G') = J J de mt {m)P{G, m; G', m')de mt (™') (3-21) 

where the integrals are understood as the strong limits of the corre- 
sponding Riemann sums constructed as follows. Let S be the spectrum 

A . 

of the operator M and {S a } be a partition of S such that 

n#a = 0, \JS a = S (3.22) 

a a 

Let U a be the projector onto the subspace of H int corresponding to S a . 
Then J^iG, G') can be approximated by the sums 

G') = £ n a P(G, m a] G', m p )U p (3.23) 

a,f3 

where m a G S a . 

It is easy to see that Eq. ( |3.14| ) will be satisfied if 



(mG^ - m'G'^J^G, m; G' , rri) = (3.24) 

Analogously we can write the spectral decomposition of j v ih) 
in the form 

/(h) = J J de int (m)f(h;m,m')de int (m') (3.25) 



and the relation between J^(G : m;G' , to') and j v (h;m : m') is obvious 
from Eq. flCTJQ . As follows from Eqs. QXTUf) , flgTTgp and (£2D, the 
continuity equation will be satisfied if 

(to — m / )j°(h; m, to') = (m + m / )hj(h; m, m') (3.26) 

and this result is also obvious from Eq. 

The operators j^(h;ra, to') are simply related to j v (h) if m 
and to' belong to the discrete spectrum of the operator M : 

f{h;m l: m J ) = U t f{h)U J (3.27) 

The analogous relation takes place for the operator 

>(G,to;G',to'). 

However if to and to' belong to the continuous spectrum of the operator 
M mt , the operators J M (G, to; G', to') and j^(h; m^, rrij) should be han- 
dled with care since these operators are the operatorial distributions. 
For example, as follows from Eq. ( p.^fc>|) 

(m-m')j (0;m,m') =0 (3.28) 

(compare with Eq. ( |3.1(j| )) but this does not necessarily imply that 
j°(0; m, to') = since, as follows from Eq. ( |3.25| ) 

J J de tnt (m)j°(0; to, m')de int {m') = e (3.29) 

We see that j°(0; to, to') is the operatorial analog of e5(m — to'). 

Assuming that j"(h;m,m') is the analytic function of h we 
obtain from Eq. ( |3.^b|) (compare with Eq. (|3T2Tj)) 

to — to' d n+1 j°(0; to, to') ™ d n ji l (0;m,m') (3 30) 

to + to' dh ix • • • dh in+1 l=1 dh ix • • • dh^dhi^ • • • dh in+1 

In particular (compare with Eq. ( |3.1Y| )) 

to - to' <9j°(0; to, to') ~ , 

, 1 ^ = j(0; m, m ) 3.31) 

to + to' oh 

If m and to' belong to the discrete spectrum of the operator M mt , this 
expression is equivalent to Eq. ( p.l8|) if we take into account Eq. (|3T27 



However Eq. ( |3.3l| ) does not necessarily imply that j(0; m, m) = if m 
belongs to the continuous spectrum of the operator M mt . The analog 
of such a situation is the equality (m — m') d6 ^™~r = 5(m — m'). We 
shall see in Sec. [O] that for systems of two free particles 



j(0; m, m!) = if m m'; 

J J de mt (m)}(0; m, m')de mt {m') = j(0) (3.32) 

The theory of operatorial integrals is given in several mono- 
graphs (see, for example, refs. 1)921, |93f). To avoid singularities in prac- 
tical calculations of the sums defined by Eq. ( |3.23| ) it is desirable to 



choose the points m a and mg in such a way that m a ^ mg when m a 
and m „ belong to the continuous spectrum of the operator V. 

3.3 Charge operator and cluster separability 

Our next goal is to express the action of the charge operator in H in 
terms of j v (h). As follows from Eqs. fl5T5p, (|3.b|) and ( |3.1U| ) this action 
is given by 

Q(p{G) = 2 / / M^exp[zMUGx)}L(G,GrM-Af(^)D[.^ ' 
M*ltexp[-iM int (G'x)}(p(G')\^((\x) - T)d 4 xdp{G') (3.33) 

where for brevity we do not write the arguments of the D-operators. 
Instead of x we introduce the 4- vector y = L(G, G'^x and use z = 
z(G,G') to denote the 4-vector L{G,G')- l \. Then using Eqs. (ggj), 
(|3.U|) and ( |3.25|) we can integrate over y and obtain 

Q(p(G) = 2(2tt) 3 / / / {mm'f l2 exp[i{m - m')/°^j] ■ 



5 {3) [{m - m')/°4 ~{m + m')i}D[...}de mt {m)[j {h; m, rri) - 
-^j(h; m, m l )]de int (m')D[...}- 1 <p(G l )dp(G l ) (3.34) 

Note that ew(m) and D[...} commute with each other since Mint com- 
mutes with S. 



It is easy to see that only those m! contribute to Eq. ( p. 54] ) 
which are in the infinitely small vicinity of the point m! = m. Indeed, 
if m! 7^ m then the argument of the delta-function can be equal to zero 
only if z/z° = (m + m / )h/(m — m'), and the integrand in Eq. ( |3.34j ) 
becomes zero as follows from Eq. ( |3.26|) . We see that the exponent with 
r in Eq. Q3.34J ) can be dropped and indeed one of the consequence of the 
continuity equation in the form of Eq. ( |3.2(j| ) is that Q does not depend 
on t. The second consequence is that only an infinitely small vicinity 
of the point h contributes to Eq. ( |3.34j) . Since G' can be expressed as 
the function of G and h and it is obvious from Eq. that G = G' 

if h = 0, we can replace G' by G in the arguments of the D-operators, 
the function ip and the 4-vector z entering into the integrand of Eq. 
( ET33Q . Then, as follows from Eq. ( I3TTTJ1 ), the D-operators in Eq. 
can be dropped and z becomes the 4-vector z = z(G) = L[a(G)] _1 A. 

By analogy with Eq. we can write neglecting the order- 

o(h) terms 

<-' u , G + G ' (Gh)G 

G=-h + — T+~G°" (3 ' 35) 

where we have taken into account that \G + G'\ = 2(1 + /°) ~ 2. As 
easily follows from this expression, we can replace dp(G') by 4d 3 h/ (2tt) 3 
in Eq. (|5.54|) . Therefore Eq. (|5.54j ) can be written in the form 

We again see that the integrand is equal to zero if m ^ m! as easily 
follows from Eq. 

The contribution of the discrete spectrum to the integral 
can be easily determined since, as follows from Eqs. fl3TTg ) and ( p.2Y| ), 
each point m z of the discrete spectrum contributes nij°(0)IIi to this in- 
tegral. In the general case, expanding j u and j in Eq. in powers 

of the first argument and using Eq. (p.auQ we see that only j°(0; m, ml) 
survives in this expansion while all other terms cancel. Therefore we 



conclude that 

Q = J J de int (m)j°(0; m, m')de mt (m') = j°(0) (3.37) 

If the particles do not interact with each other then, as follows 
from cluster separability (see Sec. |1 . 1|) , the operator J fl (x) is a sum of 
the constituent ECO's and therefore, as follows from Eq. ( |1.3|) , the 
system electric charge e is the sum of the electric charges of constituents 
as it should be. Therefore, as follows from Eq. ( |3.37|) , the operator 
j ' (h) must depend on interactions only in such a way that j°(0) = 
j°(0) = e. 

Let us now consider the conditions imposed on j u (h) by cluster 
separability in the general case. If our system consists of n noninter- 
acting subsystems a±, ...a n and the ECO's J£.( x ) f° r them are known 
then, as follows from cluster separability, the ECO for the whole system 
is equal to 

n 

<...«>) = £ W (3-38) 
i=\ 

Therefore the operator J£ a (0) is also known and the action of this 
operator in H is defined by the operator J£ a such that (see Eq. 

^,..a„(0) = A ai ... a MJ^... a U- l A-l an (3.39) 
In turn, if is known, we can determine the operator 



a>i...a n 

Jai...a n (G} G) 

such that (see Eq. (|375Q ) 

J^..aM G ) = 2/(M^.. a J 3 / 2 <... a „(G,G0 • 
<M™tJ 3/2 <p(G')dp(G') (3.40) 

where M ai _ an is defined by Eq. ( |^.Y4|) . Finally, the operator 

determines the operator a (h) such that (see Eq. ( |3.1U|) ) 

k^G.G 1 ) = L(G,G / )^[S;«(G)- 1 «(G,G / )«(/)] • 
Jl,..Jh)D[S; a(G'y 1 a(G, G')a(f')}- 1 (3-41) 



We see that if the ECO's for all subsystems are known then 
it is possible to determine the operators f a (h) corresponding to 
the case when the subsystems a\ 1 ...a n do not interact with each other. 
Let us now compare Eqs. (J3T3j), ( |3T5| ) and ( |3TTD|) on the one hand and 
Eqs. ( pTS^I - pTrri) on the other. If all interactions between the subsys- 



tems ai, ...a n are turned off then A becomes A 



Q.\...a r , 



and M int becomes 



M ai _ an by construction (see Sec. F3f) ; therefore cluster separability will 



be satisfied if j v (h.) becomes a (h). 

3.4 General method of constructing the ECO 



The results of Sees. I37TI and 13731 can be formulated as follows. The 



operator J^{x) satisfies all the conditions described in Sec. [T7T] if the 
operator j v (h) satisfies Eqs. (|37T2j) and (|5.1h|) , J°(0) is the operator of 
multiplication by e, j v (h) becomes j v a (h) if for any set (ai, ...a n ) 
the interactions between the subsystems a±, ...a n are turned off and 
j v (h)* = j v (—h) (in some cases it is convenient to use Eq. ( p.lhQ in the 
form of Eq. ( \5.'Zty )). Therefore the problem of constructing the operator 
J M (x) will be solved if we succeed in constructing the operator j v ih) 
satisfying the above properties. 

In turn the latter problem can be reduced as follows. First, 
using Eqs. (|3.1(j| ) and (|3.1Y| ), we can write Eq. ( |3.15| ) in the form 

dj°(0). 



[M™\f(h)-f(0) - h-^] = h{AT*,j(h) - j(0)} (3.42) 

Since j(h) — j(0) becomes zero when h — > 0, we can uniquely decompose 
this operator into longitudinal and transverse parts: 



j(h)=j(o) + — 5|,(h)+jjL(h) 



(3.43) 



where hj^(h) = and 



^'ll( h ) = -rrr^jW-jCO)), 



L(h)=j(h)-j(o) 



h,i(h)-j(0)) 



(3.44) 



Now, as follows from Eqs. ( p.42|) and fl3.43| ), Eqs. ( p.lb|) and 
( p.2fc)| ) can be written in the form 



[M^?(h)-i°(0) 
j||(h; m,m') = 

— j°(0; m, m) - 



h^Z] = h{M^,j||(h)}, 



dh 



m — m 



m + 7?7/)|h 
dj°(0; m, m' 



[j°(h; m, m!) 



dh 



(3.45) 



Equations ( |3.31| ) and ( |3.45|) show that if j (h) is known then j(0) and 
j||(h) can be uniquely determined from the continuity equation while, 
as follows from Eqs. ( |3.43|) and ( |3.45| ), the continuity equation does 
not impose any constraint on the transverse part j_L(h) of the operator 

3(h). 

We conclude that the problem of constructing the operators 
J^(x) will be solved if we succeed in constructing the operators j°(h) 
and jj_(h) such that (see Eqs. ( |3.J_4 ) and ( |3.3Y| )) 

i°(h) = D&ujj'iLiuy^D&u}- 1 , 

j ± (h) = L(u)D[S; w]j_L(L(w) _1 h)D[S; (3.46) 

j°(0) = e, the operators j°(h) and jj_(h) satisfy cluster separability in 
the sense described above, and j°(h)* = h), j_L(h)* = h). 

In addition, it is easy to show that if the theory should be P 
and T invariant then, as follows from Eq. ( |1.4|) 



UpCfwMVWp 1 = (?(-h),-j_ 

U R f{h)U R l = f(h) 



■h)), 



(3.47) 



where the operators Up and Ur are defined by Eq. (|2.YY|) . 

In Chap. [|we consider how the problem of constructing such 
operators can be solved in the cases of one, two, three and many par- 
ticles. 



3.5 Matrix elements of the ECO 



Let us define the one-particle states with a definite 4-momentum p' = 
rug' and the spin projections a'. In the scattering theory such states 
are usually normalized as 

(pV"bV) = 2(2tt) 3 o;(p , )<5 (3) (p" - p')<W (3.48) 

where 5 a » a ' is the Cronecker symbol. Therefore if the scalar product is 
chosen according to Eq. (|2T2|) then the state \p', a') depends on g and 
o as follows 

|p' )( r') = -(2,) 3 5 ¥»(g-g')^ (3.49) 
m 

To define the scattering states in the N-particle case we have 
to solve the eigenvalue problem for the operator M int in the space H int . 
Let x' ^ Hint be the internal wave function of a bound state with the 
mass M' and G' be the 4-velocity of this bound state. Then, as follows 
from Eq. (|2.V1|) , the wave function of such a state in the space H can 
be written as 

|P', X ') = AU^{2^fG'%^\G - G') X ' (3.50) 

where P' = M'G'. If P" = M" G" and x" are the total 4-momentum 
and the internal wave function in the final state then it is obvious from 
Eq. ( ggg ) that (compare with Eq. (fr38Q ) 



(P", X "|P , ,X / ) = 2(2 7 r) 3 (M' 2 + P' 2 ) 1 /2 ( 5(3) ( p" -P')( x »\ x ') (3.51) 

Here the last scalar product is taken in the space Pint- It is obvious 
that (x"|x'> =0ifM" ^ M'. 

In the general case the particles in the initial or final state can 
be not only bound but the system under consideration may consist of 
n bound subsystems (1 < n < N). Then the system wave function can 
be also written in the form of Eq. ( |5.h(J|) but X ' should be a generalized 
eigenfunction of the operator M int . The construction of such functions 
(| in) or \out) states) requires a special consideration in each concrete 
case, and we shall not discuss this problem. 



Since the functions defined by Eq. ( ft.h(J|) form a (generalized) 
basis in H, all matrix elements of the operator J M (x) can be expressed 
in terms of the quantities (P" , x" |J M (^)|-P', x'}- As follows from Eqs. 
(gj, (0), (S), (§M and (j33q) 

(P", X "|>(x)|P , ,x / } = 2(M»M') 1 / 2 exp(iAx)L(G\GX- 
■D[S; a{G ! Y l a{G'\G ! )a{f)Y l \x) (3.52) 



where A = P" — P', / and /' are defined by Eq. (|5T8| ) with G replaced by 



G" , and the matrix element on the right-hand-side must be calculated 
only in the space Hi nt . 

One of the consequences of Eq. ( |3.52|) is that the matrix 
elements of the ECO in the N-particle case do not depend on the way 
of constructing the N-particle operator A. In particular, the matrix 
elements in the three-particle case indeed do not depend on the way 
of constructing the operator A in terms of ^12,3, ^13,2 and ^23,1 (see 
Sec. |2T^). However this does not imply that the operators A play only 
a formal role since the operator Mi nt for the N-particle system depends 
on the operators A for its subsystems. 

The main conclusion of this section is that the matrix elements 
of the ECO are fully defined by the operator j v (h) which must satisfy 
the properties mentioned in Sec. |3.4| . Let us also note that the matrix 
element given by Eq. ( |3.52| ) has especially simple form if G" + G' = 



and in this case 

(P",X"I>WI^,X') = 2(M"M / ) 1/2 e^Ax)( X "|?(h)|x / ) (3.53) 



It is interesting to note that the Breit frame is defined by the condition 
P" + P' = which is not equivalent to G" + G' = if M" ^ M'. 



Chapter 4 

Explicit construction of the 
electromagnetic current operator 
for different systems 



4.1 One-particle ECO 

In the one-particle case the method of constructing the operator J^(x) 
given in Sec. [J7J] leads to the well-known results. Nevertheless we briefly 
describe some of these results since they are used in the following. 

Now the role of Hi nt is played by T>(s) (see Sec. [271]). Therefore 
j"(h) is the operator which acts only through the spin variables. Since 
the spectrum of the mass operator consists only of one point corre- 
sponding to the particle mass m, it follows from Eqs. ( |3.19|) and ( |3.4b|) 



that j(0) = j||(h) = and, as follows from Eq. (gggp j(h) = j±(h). 

The number of independent functions determining the struc- 
ture of the operator j u (h) depends on whether in addition to Poincare 
invariance the P and T invariance are also assumed (see ref. [|f4j for 
details). We suppose that this is the case. 

For the spinless particle the most general choice of j"(h) under 
the above conditions is the following 

3» = (1 _ h2) i/2 ^(- (1 _ h2)1/2 ), j(h) = (4.1) 

where Fe is some real function such that Fe(0) = 1. Then as follows 
from Eqs. ( |272|) , (|37J), ( |375|) and (|3.1(J| ) the action of the operator 
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J M (0) = J M is given by 

J"(p(g) = em 2 J F E ((p - p') 2 )(p + P y<p(g')dp(g') (4.2; 

where p = m<? and we take into account that, as follows from Eqs 
O, (^3) and (£3) 

o 4m 2 h 2 



\g + g'\ = 



(p-p) 2 = 



(4.3) 



l_h2)l/2' ^ ^ (l-h 2 )V2 

In turn, as follows from Eqs. fl£2p , (|?72| ), ( gggj) and O 

(p'V |J^(a;)|pV) = eF E (A 2 )exj9(zAx)(i?" + p') /x (4-4) 

where A = p 11 — p' . This is the well known form of the matrix element 
of the ECO in the spinless case and it is well-known that Fe has the 
sense of the electric form factor. 

If the spin of the particle under consideration is equal to 1/2, 
then the most general choice of j v (h) is the following 

■0/U\ 77 ( 4m2h2 > 

j u (h) = eF E ( 



j(h) = 



l_h2)l/2^' 

2ie „ , 4m 2 h 2 



1 - h 2 )V2 



F, 



1 - h 2 )V2 



(4.5) 



where Fe and Fm are some real functions and F E (0) = I. 

Using Eqs. (gg) , ( ggj) , ( gg ) and ( fTTD|) one can verify that 
instead of Eq. ([Op 

JM<?) = 2m 3 / r(g, g'Mg')dp{g') (4.6) 

where J^(g,g') acts in P(s) as 

J>{9, sf)x(*) = E «(p, ^)[(^((p - p') 2 ) - *m((p - ^) 2 )) • 

cr' 

+ ^ F «((P - f>') 2 )b>(p', <?')XW), (4.7) 

u(p,a) is the Dirac byspinor describing the particle with the 4- 
momentum p and the spin projection cr, 7^ is the Dirac 7 matrix and 



u 



— o,*^/0 



w*7 U . In turn, as follows from Eqs. flT2j) , ( ggj) , ( ggg) , and 



(p", ( j"|J /i Wb / 5 ^> = e • e^(^Ax)w(^", ( j")[2m(F s (A :; 
-F M (A 2 )) g + ^ ) + F M (A VW O 



(p"+j/) 2 ' ' -«v~ j-vr> - v (4-8) 

and, since this is the well known expression, we conclude that Fe and 
Fm are just the Sachs electric and magnetic form factors. Therefore 
Fm(0) is the particle magnetic moment in units e/2m. 

For the particle with unit spin a possible choice of j"(h) is 

4m 2 h 2 



J» = 



,1/2 



h 2 ) 1 / 2 
h 2 ) 1 / 2 Q 



E\ 



[1 - h 2 ) 1 / 2 

4m 2 h 2 , r 2 



+ 



j(h) 



re 



1-h 2 



F 



Ml 



(1 - h^ )( 3 h " (8h) 1} ' 
4m 2 h 2 w , , 



where F#, F M and Fq are some real functions and F E (0) = 1. Using 
Eqs. (^2]), O, O, (ftfl), flETOp , fl£18|) and O it can be shown 
that 



* 771/ 



(p", a" IJ^OOIpV) = e • exp(tAx)El*E 
■{-if + P'T[F^ 2 K P + -^F 2 (A 2 )A a A^] + 
+Fi(A 2 )(r/^A /3 - r/^A a )} (4.10) 

where a, (3, /i = 0,1,2,3, F' is the polarization vector in the initial 
state, F" is the polarization vector in the final state and the quantities 
(Fq, Fi, F2) are expressed in terms of (Fe, Fm, Fq) as follows: 

F E = i[(3 + 2r/)F - 2^ - 277(1 + t?)F 2 ], F M = F b 

F g = F -F 1 -(l + r / )F 2 (4.11) 

where 77 = h 2 / (1 — h 2 ). Equations ( |4.1U| ) and ( [4.1 1|) are well known, and 
it is well known that Fm(0) is the particle magnetic moment in units 
e/2m and Fg(0) is the particle quadrupole moment in units e/m 2 . 



4.2 ECO for systems of two particles 

Let us first consider the case when the particles do not interact with 
each other. Then as follows from Eq. 

J^(0) = Jf (0) + J 2 M (0) (4.12) 

where Jf (0) (i = 1, 2) is the one-particle ECO for particle %. The action 
of Jf (0) in the two-particle Hilbert space H (see Sec. |2TT| ) is given by 
(see Eqs. fiX5fl) 

Jf(0)<p(g u g 2 ) = 2ml / J^9i, ri)^0/i, 2 )<M</i) (4-13) 

and the analogous expression can be written for the action of J^O). 
As follows from Eqs. and ( ^.lU|) , the integral in this expression 

can be written in the form 



Ji(9h 91)^(91, 92)dp(g[) =JI Ji(gi,9i)(p{j9i,g2) ■ 
2(2^g 2 °5^(g 2 -g f 2 )dp(g[)dp(g f 2 )=J J J?( 9h g[MG' , q') 



^°^ (3) (g 2 " g 2 ) ,.^ (q ?!f q l^ ^) (4-14) 



(Ji^q'jcj 2 (,q'jm?m| 

where the relations between the variables G', q' and g[, g' 2 have the same 
form as the relations between the variables G, q and g\ : g 2 given by Eqs. 
( |2~8|) and (|23)|). It is assumed in the last integral that gi (i = 1, 2) are 
functions of G, q and g\ are functions of G',q'. To integrate over q' we 
use Eq. ( gTg ) for calculating the Jacobian 

(4-15) 

and therefore, as follows from Eqs. ( |4.13| - ^~T5| ), the action of Jf(0) in 



the variables G, q can be written in the form 

Jf(0MG,q) = 2m, I J^g h g[)ip(GW)^rivdp(G') (4.16) 

J ^i(q) 

where it is assumed that g\ depends on G, q and g[ depends on G', q' as 
above, but q' depends on G, G' and q. This dependence can be found 



from the condition g 2 = g' 2 (see Eq. ( |4.14|) ) and therefore, as follows 
from Eq. (|277|) 

q' 2 = L[a{G')- l a{G)]q 2 (4.17) 

where the 4- vector q 2 has the components (u 2 (q), — q) and the 4- vector 
q' 2 has the components (co 2 (q f ), — q')- 

In the case considered in Sec. gTT] the operator A entering into 
Eq. (|5.4| ) is equal to unity and the operator U is equal to U\ 2 given 
by Eq. ( P7T3Q . Therefore, as follows from Eqs. ( ggp , Q and flCTCp , 
the contribution of Jf (0) to the operator J M acting in the two-particle 
space .f/^ is given by 

Jf«G,q) = 2m 1 //7 12 (G,q)- 1 Jf(LKG)]^,LKG / )]^)- 

?7li 772 1 

• Uu(G, c{)^Y^-(p{G' , q')dp(G') (4.18) 

^i(q) 

Then the contribution of Jf (0) to the two-particle operator j"(h) can 
be easily determined from Eqs. ( |5.b|) and (|5.1U|) and analogously we 
can determine the contribution of J 2 (0). 

The final results for the operator j v (h) corresponding to the 
operator given by Eq. ( |4.12|) can be summarized as follows. Let di and 
d 2 be the vectors defined by the condition that the Lorentz transforma- 
tion L[a(f')^ 1 a(f)} transfers the 4-vector (^(q), — q) to (^(di), — di) 
and (cji(q),q) to (cji(d2),d2) (compare with Eq. (|4.17|) ). Using Eq. 
( P~3|) it is easy to show that the explicit expressions for di and d 2 in 
terms of q and h are the following: 

2h 2h 

di = q- — ^[u; 2 (q)-hq], d 2 = q+ — ^Mq) + hq] (4.19) 

Let di = (cji(di), di), d 2 = (u 2 (d 2 ), —d 2 ) and ij(h) (i = 1,2) be the 
operators defined by the conditions 7j(h)x(q) = x(dj)- Then 

/(h) = EW/.ql^W/iiiLM/)]^ 

i=l ifti Vfli 

■ UM'^^-l^lf'm (4.20) 
c^(d 4 ) M(q) 



If the particles do not interact with each other, the operator 
defined by Eq. ( |4.2U|) automatically satisfies all the conditions men- 
tioned in Sec. f?74] since each operator Jf (0) satisfies these conditions 
and Jf (0) acts only through the variables of particle i. 

Using Eqs. ( pTT3|) and (|3TTt)l ) it is possible to express j v (h) 



directly in terms of the single-particle operators ji(h). Let fi and f[ 
be the 4-vectors constructed by means of Eq. ( P~S|) with G replaced by 
L[a(f)]qi/mi and G' replaced by L[a(f')]di/mi, and hj = fj//j° . Then 

/(h) = E^W/)]-^K/0]-)^- 

i=l TTlz n^i 

D[s fc ;«(^)- 1 «(/)- 1 a(/)«(— )]■ 

D[ Sl ; aC^-)-^/)- 1 ^^/)]^-, L[a(/')]^-)a(/,)]jT(h) • 

D[s f , aif^aiLWf)}^, L[a{f)]— )] 

m 8 m a rrii 

m r M(d,) ]3/2/i(h) (421) 



a;,(d,) L M(q) 

where k = 2 if i = 1 and /c = 1 if z = 2. 

If h = then (see Eq. (|4.1uj) ) di = d 2 = q and therefore 



7j(0) = 1, hi = 0. Since jf (0) = e$ and jj(0) = where e$ is the electric 
charge of particle i (see Sec. PTT|) , it follows from Eq. ( |4.2l|) that 

J°(0) = e 1 + e 2 , j(0) = q(^- - -^-) (4.22) 
The first expression obviously follows from Eq. ( |3.3Y|) and the second 



expression shows that j(0) commutes with the free mass operator and 
therefore satisfies Eq. 

When the particles interact with each other the results of 
Sec. p.4| imply that to solve the problem of constructing the operator 
J^(x) we should find the operators w°(h) and wj_(h) such that 

i°(h) = j°(h) + w°(h), j ± (h) = j ± (h) + w ± (h), (4.23) 
w°(h) = D[S;u]w (L(u)-4i)L>[S;u]-\ 



w 



w ± (h) = L{u)D[S;u]w ± {L{u)- 1 h)D[S;u]- 1 , 
w ± (h)* = w ± (-h), 



(4.24) 



and the operators w°(h) and w^(h) become zero when the interaction 
is turned off. In addition, it is easy to show that if the theory should 
be P and T invariant, then, as follows from Eq. ( |3.4Y|) 

Up(w\h),w±(h))U? = (w; (-h),-w ± (-h)), 
^(^(Hw^h))^ 1 = (w°(h),w ± (h)) (4.25) 

Then the operator >(rc) is defined by Eqs. ( ggp , ( p^|) , ( |3TT0| ) , 

(CT) , (ggSfl and (CT )- 

We see that a possible choice for w°(h) and wj_(h) is w°(h) = 
wj_(h) = and therefore j°(h) = j°(h), jj_(h) = jj_(h). Let us note 
that even in this case j(0) ^ j(0) and J||(h) ^ j||(h) since, as follows 
from Eqs. and (|3.45|) , j(0) and Jii(h) depend not only on j°(h) 

but also on Mint- Another reasons for the operator J^(x) to differ from 
J fl (x) are the presence of Mi nt in Eq. (|575Q and the presence of P in 
Eq. Q. 

We conclude that there exists an infinite number of solutions 
for the two-particle operator J^(x) since there exists an infinite number 
of sets w°(h) and w^(h) satisfying Eq. ( |4.24| ). In particular, a possible 
solution corresponds to the choice w°(h) = wj_(h) = 0, but there are no 
physical grounds to prefer this solution in comparison with the others. 



4.3 ECO for systems of three particles 

If particles a and (3 interact with each other and particle 7 is free 
(a, j3 : 7 = 1, 2, 3, a ^ (5 ^ 7) then, as follows from Eqs. ( |2T5IQ , ( ggg ) 
and ( p.a^l ), the action of the three-particle ECO in the three-particle 
space H is given by 

+ Jj] Ba/3,j(M™g) ~ 1 B aj 3^ (M a p) U ~g U123 (4.26) 



where j£g is the ECO of the interacting system af3 in the two-particle 
space H a p. In turn, as follows from Eqs. ( |3.4U|) and (|3.41|) , this action 
is fully determined by the operators j^ Jh) such that 



J^ip(G) = 2 J (M^ 7 ) 3/2 J^ )7 (G, G')(M^f^(G')dp(G') (4.27) 

J^(G, G') = L(G, G')ZD[&; a(G)~ 1 a(G, G')a(f)} ■ 
3^)D[S; a{G')~ l <x{G, G')a{f)]- 1 (4-28) 



where S is the three-particle spin operator (see Sec. |ZT3f ). 



Analogously, if all the three particles do not interact with each 
other, the action of the three-particle ECO in the three-particle space 
H is fully determined by the operator j v (h) such that 

J" = U u \(lt J?)Uw, 

i=i 



J»(p{G) = 2J M 3/2 J»{G,G')M 3/2 fi{G')dp{G') : 

J^G, G') = L(G, G')^D[S; a{G)~ l a{G, G')a(f)]f(h) ■ 

D[S; a{G'y l a{G, G')a(f')}- 1 (4.29) 

It is obvious that j^g (h) becomes j v (h) when the interaction 
between particles a and (3 is turned off and therefore cluster separability 
for the three-particle operator j u (h) will be satisfied if ^(h) becomes 
f a Q (h) when all interactions involving any particle 7 are turned off (see 
Sec. jSTg ). Therefore to explicitly construct the operator j y (h) we have 
to determine first the explicit expressions for the operators (h) and 

/'(li). 

As follows from Eqs. (jPfrfOq) , 



^( h ) = ^)( h ) + J( 7 )(h), /(h) = E <(h) (4.30) 



where j^(h) is the contribution of to j^ 7 (h), jX^h) is the con- 
tribution of to j^ 7 (h) and ^(h) is the contribution of Jf to j v {h). 
It is important to note that all the operators in Eq. (|4.3U|) act in the 
three-particle Hilbert space H int . We suppose that the single-particle 



and two-particle ECO's have been already constructed as described in 
Sees. |7TJ and [Oj, and our goal is to express the action of the opera- 
tors in Eq. (|4.5U| ) in terms of the single-particle operators J~(h) and 
two-particle operators J^(h) acting in the internal single-particle and 
two-particle spaces respectively. 

The calculation of the operators entering into Eq. (|4.3U|) is te- 
dious but all preparatory expressions have been already derived above. 
Let us briefly describe the calculation of j'Lm(h) which is most cum- 
bersome. 

We have to calculate the action of J^p^ ( see Eq. flOp ) on 
the function <p(G) 6 H which depends additionally on K. a p, \t a p and 
the spin variables of the three particles (see Sec |2~3| ) . The action of 



Ba0,i(M™p) l B a ^ 1 (M a[3 )U a pU us 

on this function can be calculated using Eqs. ( |2.13| ), f|2.32|) , ( |2.42| ), 
( |2.44| ) and ( |2.51| ) . Then to calculate the action of J^g we use Eq. ( |5751 ) 
and write the kernel of this operator in the form (see Eq. ( |3.21|) ) 



JUG,G')= dCM)JUG,m-G\m')dCB{rn' 



We change the integration variable from G' af3 to G' = G'(m!) = {m'G' a3 + 
m-yg-y) /\m'G' aB J rm 1 g 1 \ using Eq. (|2.41|) . Then we again use Eqs. (|27T3|), 
( |2~321 ), (127421) , ( 12744]) and ( 275T|) in order to calculate the action of 

U 123 U a (3 B a (3 a ( M a p ) ~ 1 B a p n ( M l a 



rint\ 

ol (3 ) 



Expressing all the variables in terms of G, K. a p, k a/ g and using Eqs. 
( p76T|) and ( |375|) we can determine the contribution of j£g to 



J{a0)(G, G). 



It is very convenient to use the relation between the operators O a p in 
H$ and 6 a p in H (see Eqs. ([2763]) and (|2764j)). Finally, as follows 
from Eq. (|37jXj|), j^(h) = Jfa (/,/')• 

The result of such a calculation is the following. We use fc 7 
and k', to denote the 4-vectors 



(w 7 (K a/3 ), -K a(3 ) and 



respectively where ~K' a3 is defined by the condition (compare with Eq. 



^aj3 

(FTT71) ) ^ = L[a(/') _1 a(/)]fc 7 . Then (compare with Eq. (CT) ) 

2h 

K' a/3 = K a/3 - I _^[ W7 (K a/3 ) - hK a/3 ] (4.32) 
We use K a3 {m) and K' a Jm') to denote the 4- vectors 

((m^K 2 ^) 1 /^) and ((m 2 + K^) 1/2 , K^) 
respectively and use G a p(m) and G' a3 (m') to denote the 4- vectors 

L[a(f)]K a3 (m)/m and L[a(/ , )]< /3 (m , )/m / 
respectively (compare with Eq. (|2.3U|) ). Then 

^ a3) (h) X (K ag ,k a3 ) = J D[s 7 ;a(i)- 1 «(/)- 1 «(r)«(^ L )] • 

//' ^W( m o 11/2j| ^ ;a( ^ rla(/) " la( ^ (m))1 - 

dll;V)^(G^(m), m; G>,'), m04,>') ■ 

D[S aiJ ; a(G^(m'))- 1 a(/')«(^%^)]x(KL /3 , M (4.33) 

fit 

In practical computations one may take into account that if u 6SU(2) 
then 

D[S a3 ; u} X (K a3 , k a3 ) = ( n D[ Sl ; u}) X {K a3 , L[a{u)]-\ a3 ) (4.34) 

Using Eq. ( |3.1U|) it is possible to express (h) directly in 
terms of J^g(h, m, m'). Let f a3 (m, m!) and f' a3 (m, m') be the 4- vectors 
constructed by means of Eq. flgTgf) with G replaced by G(m) and G' 
replaced by G'(m'), and 

, / a f a/3 (m,m / ) 

h a/3 (m, m = - r - 

f% 3 {m,m') 

Then 

jf^hMK^M = L,[s 7 ;a(^)- 1 a(/)- 1 a(/')a(^ 



D[8 a0 ; «(^^)- 1 a(/)- 1 «(G a/3 (m), G' af3 {m')) ■ 

a(f aP (m, m))}de^(m)L[G a p(m), G' aP (m')}^ ■ 

3ap( h ap(m, m')\ m, m')de™p(rn')D[S a p; a(f' af3 (m, m')y l 

K' ( 

a(G a p{m), G' a[3 (m')y l a(f')a{ 



mm 



m 

,1/2 



^ mm W mM (435) 

The result for i^j(h) is the following. We again use /c 7? "Wj 
K a f3{m) and K' a Jm) to denote the quantities expressed in terms of 
and K' a ^ as above, but now = K' Q ^(m) is defined by the condition 
L[a(f)]K a p(m) / m = L[a(f')]K' af3 (m')/m' and therefore (compare with 
the second expression in Eq. Qj.liJl) ) 

K^(m) = K a/3 + ^^[(m 2 + K 2 // 2 + h K a/3 ] (4.36) 



Then 



jf 7) (h) X (K a/3 ,k a/3 ) = D[^a{^r l a{f)- l a{L[a{f)]^-)] 



m 1 m 1 



de a p(m)D[S a p;a{ — * ) ^(/J L a{f )a{ 

J TY), 



m m 

7 r Jv a/^ 



£>[s 7 ; a(L[a(/')]^)- 1 a(/')a(^M)]x(KL /J , M (4.37) 

Using Eq. ( |3.1U| ) it is possible to express j(^)(h) directly in 
terms of j^(h). Let / 7 (m) and fL(m) be the 4- vectors constructed by 
means of Eq. with G replaced by L[a(/)]fc 7 /m 7 and G" replaced 

by L[a(f')}k' 1 (m)/m 1 , and h 7 (m) = f 7 (m)//°(m). Then 

^(hMK^.k^) = / dl™ f (m)£(t[«(/)]^,t[«(/')]^)^ • 

^ ?77. 7 ?7i 7 



D[s 7 ; ^(^-^(^-^(Llaa)]^, L[a(/0]^^)a(/ 7 (m))] 



K a p(m) x 



) <*(/) a(/)a( 



)]j:(h 7 H) 



D[s 7 ; a(/ 7 (m))-^K/) A, L[ a (/0]^M)-i a (/') 

' m 7 m 7 



a" 



,& 7 (m) 



^1 ^l( K 'ap) K a(3( m )' 

The result for ^(h) follows from Eq. (|4.38|) : 

^(h) X (K aP ,k af3 ) = L(L[a(f)]X LW)]%L)t 

' m 7 m 7 

D[s 7 ; af^Lj-ia^-ia^IaC/)]^., L[a(/')]^-)a(/ 7 )] 



(4.38) 



m 



D[S a/ 3; a 



i 

K, 



m 



a/3 \ — l 



M, 



7 



m 



7 



a/3 



M 



a/3 



D[s 7 ; a(f')- l a(L[a(f)]X L[a(f')]^)- l a(f')a(^)} 



m- 



'o 

a/3 



(4.39) 



where the quantities K' a/3 , fc' i^ a/ g, if^g, fi anc ^ /-y depend on M a p = 
Mo^ko^) in the same manner as they depend on m in Eq. ( |4.38| ). 

Equations flOCI ), (Egg) , (1Q5D , flOfl) , ( fQ8p and flOPp ex- 
plicitly describe the operators (h) and j^(h). As follows from 
the results of Sec. |3T3| , j a/ g ;7 (0) = J°(0) = e a + e/3 + e 7 . This can 
be verified directly since, as follows from Eqs. ( |3.13|) , ( |4.38|) and ( |4.39| ), 
J(° 7 )(0) = t( 7 )(0) = e 7 since j°(0) = e 7 , and if h = then K' Q/3 = K a(3 in 
Eq. flOg ) and 



J'(%)(0) 



mm 



1/2 



-,m)de a0 {m) 



lint 
'a/3< 



m) J 







a/3^ 



m 



,m; 



m' 



(4.40) 



As follows from Eq. ( |5T2g] ), 



J 



m: 



m 







m m 

if m y£ m'. Therefore only the values of m' in an infinitely small vicinity 
of the point m may contribute to Eq. ( |4.4U|) . Then Eq. ( |4.4U|) is a 
special case of Eq. for r = and A = (1,0,0,0). Therefore 

j{a/3)(®) = e a + e (3 as it should be. 

As follows from the results of Sec. fT~4], we can seek the three- 
particle operators j ' (h) and jj_(h) in the form (compare with Eq. 

(£M)) 



j°(h) = i? 2)3 (h) + j° 3>2 (h) + i 2 ° 3>1 (h) - 2j (h) + w°(h) = 
= J(°i2)(h) + J( 13 )(h) + j ( ° 23) (h) + #)(h) + J( ° 2) (h) + J( ° 3) (h) 



-2.5(h) - 2,§(h) 



2^(h; 



(4.41) 



j±(h) =j±i2,3(h) +j±i3,2(h) +j±23,i(h) - 2j ± (h) + w ± (h) = 
= j±(i2)(h) +j±(i3)(h) +j±(23)(h) + j±(i)(h) +j± (2 )(h) + 
+j± (3 )(h) - 2i ±1 (h) - 2l ±2 (\i) - 2l ±3 (\i) + wj_(h) (4.42) 

where the operators w°(h) and wj_(h) describe the contribution of 
three-body interactions to j°(h) and jj_(h). In other words, w°(h) and 
Wj_(h) must be zero if any particle does not interact with the others. 
These operators must satisfy the relations which can be written in the 
form of Eq. flOp - 

We conclude that a possible choice of w°(h) and w_i_(h) in 
Eqs. ( |4.41|) and (|4.42|) is w°(h) = Wj_(h) = 0, but in the general case 
there exists an infinite number of solutions satisfying the conditions 
described in Sec. P~T]. 



4.4 ECO for systems with any number of particles 



As follows from the results of Sec. |3.4| , we can seek the operators j°(h 



and j_L(h) in the form (compare with Eq. ([2775])) 



N 

i» = E(-l) fc (A:-l)!j( fc )(h) + W (h) 



k=2 



i(%(h) = E f ai ... ak W (4.43) 

ai...a k 

N 



J-L(h) = E (-mk - m±{k)(h) + w ± (h), 

J±(*)(h) = E j±«,..a fc (h) (4.44) 

where w (h) and Wj_(h) describe the contribution of N-body interactions 
to J°(h) and jj_(h) respectively. The operators w°(h) and wj_(h) must 
satisfy the relations which can be written in the form of Eq. (|4.24|) . 



We conclude that a possible choice for w°(h) and wj_(h) in 
Eqs. ( |4.43|) and (|4.44|) is w°(h) = Wj_(h) = 0, but in the general case 



there exists an infinite number of solutions satisfying the conditions 
described in Sec. |TTT]. 

To explicitly describe the ECO for a system of N particles we 
have to calculate the explicit expressions for the operators Ja 1 ... a ,(h)- 
For this purpose we have to know the explicit expressions for the op- 
erators A ai _ ak (see Sec. p73|) . As noted in Sec. gTjj , the problem of 



constructing such operators is solved in principle, but explicit expres- 
sions for the operators A ai ...a k in the point form have not been written 
so far for the case > 3. 



4.5 Example: relativistic correction to the mag- 
netic moment of the deuteron 

It is well known that in the nonrelativistic approximation the magnetic 
moment of the deuteron is given by 

3 1 



where /i^, /i p , and fi n are the magnetic moments of the deuteron, proton 
and neutron in nuclear magnetons, "nr" means nonrelativistic and Pd 
is the probability of the D-state in the deuteron. For most realistic 
nucleon-nucleon potentials the value of is less than the experimental 
value fi e d xp = 0.857. For example, fif is equal to 0.843, 0.845, 0.847 and 
0.849 for the Reid soft core, Argonne, Paris and Nijmegen potentials 
respectively J93J. For different versions of the Bonn potential the value 
of tff is in the range 0.852-0.856 |J§], but the attitude of physicists 



to the Bonn potential is controversial, and we shall not discuss this 
question. 

In our approach the magnetic moment of the deuteron can be 
calculated using the fact that Fm (0) in Eq. (|431| ) is the deuteron mag- 
netic moment in units e/2md where e and rrid are the deuteron electric 
charge and mass respectively (see Sec. |4.1| ). Therefore we have to cal- 
culate the matrix element (x" (q)|j_L(h)|x'(q)) between two deuteron 
states in first order in h and compare the result with the quantity 

-2 e FM(0)(x"(q)|hxS|x'(q)). 

Let us choose for j^(h) the solution corresponding to wj_(h) = 
(see Sec. Then j ± (h) = j ± (h) and j ± (h) is given by Eq. (|Oq ). 
We use m to denote the nucleon mass and neglect the difference between 
the masses of the proton and neutron. Since the deuteron wave function 
is symmetrical under the interchange of spatial and spin variables of the 
proton and neutron, we can calculate the contribution of only the first 
term in Eq. ( |4.20|) where Ji(gi,g[) is taken from Eq. ( f4.Y|) but for the 



nucleon form factors Fe and Fm in these expressions we must take the 
sum of the corresponding quantities for the proton and neutron at zero 
momentum transfer , i.e. F E = 1, F M = fi p + fi n . 

As follows from the " minimal relativity principle" |J5], 



we can use for x'(q) an d x" (q) the deuteron wave functions calcu- 
lated for the usual phenomenological potentials (see also refs. [|98], |94j). 
Therefore we shall use the functions normalized as 



/ ||x(q)||V q = /Mg) 2 + ^(g)V 3 q=l 



(4.46) 



where (fo(q) and ^{q) are the radial wave function of the S and D 
states in momentum representation. Then a direct calculation using 
Eqs. ( ggp , fl2TT01 ), ( p7T3|) , (fO|) , (1091) and (|POQ shows that in first 
order in h the action of j (h) is given by 

j(h) X (q) = i{-4tift [(hw - ^1 ) x Sl - 

cj a; + m 

" ,| ((hxq) Sl )] + 2F°(q-ha;)[l- 



m(u + m) 



z (hxq) _ _ ^ (hxq) _ 2 ^ 

u + m micu + m) 



where cj = cj(q) = (m 2 + q 2 ) 1 / 2 . We use t\ and ^ to denote the spin 
projections of the proton and neutron. Then the internal deuteron wave 
function describing the deuteron with the polarization vector e has the 
form 

X(q, h, t 2 ) = -^bo(g)^fe - T^fe ~ 3 ^)^2(g)]efc(^cr 2 ) <1 t 2 (4.48) 

where q = |q| and a sum over repeated indices i,k = 1,2,3 is assumed. 

The result of our calculation is the following. If e is the 
deuteron binding energy and fid = fiY + 6 fid where 5fi d is the relativis- 
tic correction to the deuteron magnetic moment in nuclear magnetons 
then 

- nr 2m r q 2 d 3 q 2 



5 fid = — iJd ~ q / , -s. - [<Po(q) 

rrid orrid J co{q) + m 

+ ^ a ( q ) V2 ( q )- V2 ( q )\^ + ?tlIl] (4.49) 
V2 u(q) m 

This quantity is negligible for all the realistic potentials mentioned 
above. For example, 5 fid = 6 • 1CT 4 for the Reid soft core potential. 

The relativistic correction to the deuteron magnetic moment 
was considered by many authors. Usually 5 fid turned out to be negative, 
but in the framework of approach considered in refs.[|95|, |94fl 5 fid is of 



about a half of the quantity fi e d xp — fif- However, the ECO's used in 
these approaches do not satisfy the properties given by Eqs. flTTTl ) and 



QTT21) . The result given by Eq. (|4.49|) is obtained by using the ECO 
which does satisfy these properties but among the solutions discussed 
in Sec. (O] the special solution with w^(h) = has been chosen. We 
conclude that this choice also does not solve the problem of the deuteron 
magnetic moment. 



Chapter 5 



Electromagnetic current operator 
in the instant form of dynamics 



5.1 Systems of interacting particles in the instant 
form of dynamics 

In the instant form it is convenient to use the realization of UIR's of the 
Poincare group in the space of functions <p(g) with the range in T>(s) 
and such that 

d 3 p 

Then the generators of the UIR have the well known form (see, for 
example, refs. 0,HU) 



(0,0) = /||0(p)|| 2 — ^ <oc (5.i; 



P = p, E= (m 2 + p 2 ) 1/2 , M = l(p)+s, 

N = -z(m 2 + p 2 ) 1/4 ^-(rn 2 + p 2 ) 1 / 4 + ' * P 2u/2 (5.2) 

v ' dp y ' m + (m 2 + p 2 )V2 v ' 

The Hilbert space Hi for the representations describing sys- 
tems of TV free or interacting particles can be realized as the space of 
functions 0(pi, ■■■Pn) with the range in 'D(si) ® ... ® 2)(sjy) and such 
that 



r N 

/lWpi,-PAr)|| 2 n^f(Pi) < oo (5.3) 

i=i 



G7 



where (compare with Eq. 

d 3 p t 

d Pi&) = nrn \3 \„\ = m2d Pi(9i) (5-4) 
2{27r) 6 Ui{pi) 

(the subscript "I" means "instant"). 

Instead of the variables pi,...pN we introduce the variables 
P, ki, ...kjv where P = pi + ■ • • + pn and k^ is the spatial part of the 
4- vector ki = L[a(P/M)]~ 1 pi where pi is the momentum of the z-th 
particle, P = pi + ... +Pn and M = \P\. It is obvious that ki defined 
in such a way is the same as in Eq. (|2.4(j|) . 

By analogy with Eq. ( gTUgj) we can show that 

N ^3p 

R dpi(Pi) = 2(ar)'(i + pyM*yft dp,(mt) ' 

N 

dff(int) = {27r) 3 5^{k 1 + • • • + V) II dp((ki) (5.5) 

Let us define the "internal' space H- nt as the space of functions 
x(ki, ...k/v) with the range in T>(si) <g> ■ ■ ■ ®V(sn) and such that 

Hxll 2 = / ||x(ki, ...k N )\\W(int) < oo (5.6) 

and the space Hi as the space of functions 0(P) with the range in H- nt 
and such that 

/||0(P)||Lrf 3 P <oo (5.7) 

Let U be the same operator as in Eq. (|2.YU| ) but with ^ replaced by 
Pi/mi. Then U 1 = (1 + P 2 / 'M 2 ) l / A U is the unitary operator from Hj to 
Hj. 

The method of Sokolov packing operators in the instant form 
implies that the generators T\ (i = 1, ...10) of the representation de- 
scribing a system of N interacting particles should be written in the 

form T\ = AiliiY^tiJ Aj where the packing operator Aj commutes 

with P and M and the generators T\ in Hi have the following " canon- 
ical" form (compare with Eq. ( f).2f )) 

P/ = P, ^/ = ((M/J 2 + P 2 ) 1/2 , M / = 1(P) + S, 



n, = -v{{ml? + py^m'j 2 + p 2 ) 1/4 + 

(5.8) 



M[ nt + ({MLY + p2)'/2 

Here the first expression implies that the momentum operator is equal 
to the operator of multiplication by the variable P defined above, the 
spin operator S is the same as in Eq. (|2.V1| ) and the mass operator 
M( nt in the instant form acts only in Hf nt and commute with S. As 
already noted, the problem of constructing the operators Aj and Mf nt 
has been solved by Coester and Polyzou || and Mutze [|5j (see also refs. 



5.2 Unitary equivalence of the point and instant 
forms of dynamics 

As already noted, the unitary equivalence of the three basic forms of 
dynamics has been proved by Sokolov and Shatny [77| . The key element 
of their approach is the construction of unitary operators relating the 
"canonical" forms of the generators in these forms of dynamics. In 
particular, to prove the unitary equivalence of the point and instant 
forms we have to construct a unitary operator G from H to Hj which 
transform the generators defined by Eq. fl2T7 1| ) to the generators defined 
by Eq. (jb.S|) . Following ref. [j77j we shall seek O in the form 



6 = U IP ^M)-\{M mt ) (5.9) 

where the unitary operators £(M) and £(M int ) in H are defined by the 
spectral integrals (compare with Eq. ( \2.'6'4 )) 

Z(Mint) = J Z{m)de int (m) : f(M) = / £(m)de(m) (5.10) 

over the spectral measures of the operators M int and M respectively 
and Uip is the unitary operator from H to Hi defined as 

0(P) = U !P <p(G) = (5.11) 

(1 + i JZ /M z ) i '^mi ■ ■ ■ tun 



The fact that Uip is unitary easily follows from Eqs. ( [Z.bU|) , (|b.b[ - [5T7| ). 
The operator Ujp is given by 

</3(G) = UTp4>(P) = mi • • ■ m N (l + G 2 ) 1 ' 



MG) 



(5.12) 



As follows from Eqs. (pTnQ , (|5^| ), (jggj) , (|5TTTl) and ( |57T2| ), 
the condition OM^GO = P implies that 



t(Mint)M int GZ(M int ) = p)MG^(M)- 1 



(5.13) 



This expression will be satisfied if for all m belonging to the spectra of 
the operators M int and M 

((ffl)mG((m) 4 = m G (5.14) 

where mo is some constant |77j. This condition can be satisfied if the 
actions of the operators £(m) and ^(m)" 1 are given by [[77| 

1 + G 2 



«m)0(G) = 



777, 



.3/2 



mo 1 + moG 2 /m 2 
1 + G 2 



> 1/4 ^G) 
m 



«m)-V(G) = (-) 3/2 ( 



.3/2/ 



1 , / •) ' -r-v (5.15) 

mo 1 + m z G z /mo mo 

As follows from Eqs. ( |2TB^| ), (|5"75|) and ( |5TT5| ) , the operators £(m) and 
£(m) -1 are unitary and commute with the operators ei nt (m') and e(m'). 
Therefore the operators defined by Eq. ( |5.10|) are unitary. 

Let O be an operator in Hi nt . We symbolically represent the 
action of O in the form 

Ocp(G,int) = / 0(int, int')(p(G, int')dp(int') 



(5.16) 

where 0(int, int') is the kernel of the operator O. Let us introduce the 
operator 

F T {0} ee ^(M)- 1 0^(M)^ /P 1 (5.17) 

Then, as follows from Eqs. flgjSgp, (^T5| ) and ( |5TTB|) , F 7 {0} 

is the operator in ff^. ^ we wr ite symbolically 

F/{O}0(P,mt) = | F I {0}(int,int')4>{P,int')dp I (int') (5.18) 



then the kernels of the operators O and Fj{0} are related as 

FAOMint, int') = 2 (^" M ) 7 QUnt, int') (5.19) 

mf ■ ■ ■ m N 

Since £(M int ) obviously commutes with M int , then as follows 
from Eqs. ( |5.9| ) and (|5.1Y|) , the mass operators in the point and instant 
forms are related as 

ML = OM^e- 1 = F T {M int } (5.20) 

In particular, using Eq. (|5.1^| ) we can verify the fact mentioned in 
Sec. £ZT3| that the mass operators found in that section and in ref . [gg| 
are unitarily equivalent if = 1. 

Using Eqs. (|5T9| - |5TT2| ) , ( |57T5| ) and ( |5T20|) one can explicitly 



verify that not only the momentum generators, but also the remaining 
7 generators from the sets defined by Eqs. ( |2T7T| ) and ( |5~S|) are related 
as 

Ei = BEG' 1 , M 7 = 6M6" 1 , N 7 = (5.21) 



As shown in ref. [[77(1 ? if the operators A, M intl and G are known 
then it is possible to determine Aj and conversely, if Aj, M- nt , and 6 
are known then it is possible to determine A. Therefore the operator 
Uip = AiUQU^A^ 1 realizes the unitary equivalence of the point and 
instant forms. 



5.3 Explicit construction of the ECO in the instant 
form of dynamics 

If Jj(x) is the ECO in the instant form, then, by analogy with Eq. 
we can write 

Jf{x) = expiiP^jf^expi-iP^) (5.22) 

and, by analogy with Eq (|3-4 ), one can easily show that Jf (0) must 
satisfy the properties 

uiW-^muiO) = ^ww(o), iK, j?m = o (5.23) 



In turn, by analogy with Eq. flXp, we shall seek Jj (0) in the form 

J>(0) = A^JfU^Aj 1 (5.24) 

where Jj acts in Hj. Then it is obvious from the results of Sec. |572| that 
the operator Jj(x) will satisfy all the properties described in Sec. [T7T] if 

J'/ = ePe- 1 (5.25) 

The action of Jj can be written in the form 

JffcP) = J #(P, P')^(P')U (5-26) 

where the kernel Jj (P, P') is an operator in H- nt for each fixed values of 
P and P'. In turn, by analogy with Eq. the operator Jj (P, P') 



can be defined by the set of operators Jj (P, m; P', m') such that 

P') = / / rfeL(m)J^(P, m; P', m')^(™0 (5-27) 

where ef nt (ra) is the spectral function of the operator M^*- 

A direct calculation using Eqs. (gg ), flX2Tp , fl5^H5TT2|) , ( gTTg ), 
( |57T7|) , (|h.2U|) and (|5T25| - |5T27| ) shows that if the operator 



>(G,m;G / ,m / ) 
in the point form is known then 

W-p t>' /\ (mm') 172 
Jj (P, m; P , m ) 



[( m 2+p2)( m '2 + p'2)]l/4 

•F / {>(-,m;^,m / )} (5.28) 
m m 

Therefore Eqs. ( |5.19| ), (15.271 ) and ( |5.28| ) make it possible to explicitly 



determine the ECO in the instant form if the problem of constructing 
the ECO is solved in the point form. 

5.4 Matrix elements of the ECO in the instant 
form of dynamics 



Since we require that one-particle states with a definite momentum 
should be normalized as in Eq. ( |3.4b|) , then, as follows from Eq. (|571|) , 



such states should be chosen in the form 



\p\ a'): = (27t) 3 [MpO] 1/2 * (3) (p - p')<W (5.29) 

To define the scattering states in the N-particle case we have 
to solve the eigenvalue problem for the operator M- nt in the space Hf nt . 
Let x'i ^ H( nt be the internal wave function of a bound state with the 
mass M' and P' be the momentum of this bound state. Then, as follows 
from Eq. ( p.sj) , the wave function of such a state in the space Hj can 
be written as 

|P', X ')j = A I U I (2*)*(2E , ) 1 ' 2 6®(P - P')^ (5.30) 

where P'° = E' = (M' 2 + P' 2 ) 1 / 2 is the total energy of the bound state. 
It is clear from Eq. ( p.l|) that such states will be normalized as in Eq. 
( |3.51| ). As in the point form, Eq. ( |5.3(J| ) can be written not only if x'j 



is a bound state, but also if x'j ls a generalized eigenfunction of the 

A j 

operator M- nt with the eigenvalue M . Therefore we conclude that all 
matrix elements of the operator Jj{x) can be expressed in terms of the 
quantities j(P" , xf \ J? (x)\P', x'i)i- 

As follows from Eqs. (ggg ), ( ggg) , (gg§ ), and (ggg) 



j(P" , x/" I^WI^, Xi>/ = 2[(M" 2 + P" 2 )(M' 2 + P' 2 )] 1 / 2 • 
•expiiAxMxi" |J?(P" , P') |X/>/ (5-31) 

where the matrix element on the right-hand-side must be calculated 
only in the space H- nt . If the problem of constructing the ECO is solved 
in the point form then, as follows from Eq. ( |o.^8| ), we can calculate the 



matrix elements of the ECO in the instant form. On the other hand, 
as follows from Eqs. ( p.^Q and fl5T2Dp , if x' is an eigenfunction of the 



operator M int with the eigenvalue M' then xf = Uip£(M) l x' is an 
eigenfunction of the operator Mf nt with the same eigenvalue. Therefore, 
as follows from Eqs. ( |5~T7| ) and (|b.28|) 

(M'W) 1 / 2 



/ (x/'|J«P",P / )lx / /)/ = 



[(M" 2 + P" 2 )(M' 2 + P' 2 )] 1 /2 
(X"l>(jr,5)lx'> (5-32) 



Expressing J^(G",G') in terms of j u (h) according to Eq. ( |3.1U| ) and 
comparing Eq. ( |3.52|) with Eqs. ( |5.31| ) and ( |5.32|) we conclude that 

(P",X"|>W|PY> =/ (P",X/ , |^(^)| J P , ,X / /)/ (5.33) 



This result shows that the matrix elements of the ECO do not depend 
on the choice of the form of dynamics as it should be. 



Chapter 6 



Electromagnetic current operator 
in the front form of dynamics 



6.1 Systems of interacting particles in the front 
form of dynamics 

In the front form it is convenient to use the realization of UIR's of the 
Poincare group in the space of functions (f)(p±,p + ) with the range in 
P(s) and such that 

(0,0) = / \\<f>(p±,p + )\\ 2 dp F (p ± ,p + ) < oo, 

* (P± ' P+) = 2(2^V (6,1) 

where the superscript "F" means "front". The spin variables in the 
front form are defined assuming that the boosts are described not by 
the matrices a(p/m) (see Eq. f [2.5|) ) but by the matrices (3{p/m) = 
a(p/m)v(p/m) where 

vip/m) = expi — artg — — ) (6.2) 

Pj_ 171 + cj(p) + p z 



is the Melosh matrix [|lUU|| . Here p± = |p_l|, a sum over j, / = x,y is 



assumed and eji has the components e xy = — e yx = 1, e xx = e yy = 0. 
Then the generators of the UIR have the well known form (see, for 



75 



example, refs. [pXTTj gOg , [TO3|, [OTj) 



m 2 + pj_ 
2p+ 



~ l \P + P 



p + 



(6.3) 



The Hilbert space iifp for the representation of the Poincare 
group describing a system of N free or interacting particles is real- 
ized in the space of functions 0(pi_i_,;Pi", ...pN±,p^) with the range in 
P(si) ® • • • ® P(sjv) and such that 

f N 

J \\<t>{Pi±,Pi, ■■■Pn±,Pn)\\ 2 II dp (pi±,pt) < oo (6.4) 

i=i 

Instead of the variables pu_, pt : ... Ptv_l, p% we introduce the 

variables Pj_, P + , qi,...qjv where Pj. = puH hp N ±, P + = pi ■ ■ ■ p% 

and c\i is the spatial part of the 4-vector qi = L[(3(P/M)Y l pi where 
P = p\ + ...+Pn and M = \P\. It is easy to see that kj = L[v{P/M)]q i . 

By analogy with Eq. ( [2.68| ) one can show that 



N 



II dpi (Pi±,pt) = dp" (P±, (in*), 

i=l 



d/(int) = 2(27r) 3 M<5( 3 )( qi + • • • + q*) U dpf (q i± , g+) (6.5) 

i=l 

Let us define the "internal' space H[ nt as the space of functions 
x(qi, ...qjv) with the range in P(si) (8) • ■ • <8>D(s./v) and such that 

llxll 2 = / llx(qi, ...q N )\\ 2 dp F {int) < oo (6.6) 

and the space Hp as the space of functions 0(P_l, P + ) with the range 
in H[ nt and such that 



j\\4>(P L ,P + )\? int dp F (PL,P + ) <oo 



(6.7) 



The main reason for choosing (3(g) instead of a(g) (see, for 



ll)hj| ) is that (3(g) satisfies the following important prop- 



example, ref. 
erty 

p(g)l(3(L(l)- l g) = 1 (6.8) 

Owing to this property the front analog of the operator IA given by Eq. 
( |2.7l)| ) is equal to unity and the space Hp coincides with Hp. 

The method of Sokolov packing operators in the front form 
implies that the generators T l F (i = 1, ...10) of the representation de- 
scribing a system of N interacting particles should be written in the 

form = ApTpAp where the packing operator Ap commutes with 

P + , P J , M +_ , M +J , M xy (j = x,y), and the generators T F in Hp have 
the following "canonical" form (compare with Eq. ( |b.3| )) 



P; 



F 



M 



= ip- 



d 



(MfJ 2 + Pi 



F 



2P+ 



<9P+' 

Up 3 = -l(P j ^r + P, 



Mp - %F dPi 



M F y 



l z (P 



+ Sp : 



dP 



d 

F dpj 



IE 
P+ 



(Mf nt S l F + P l S> 



(6.9) 



Here the first expression implies that the generator Pp is equal to the 
operator of multiplication by the variable P + defined above and the 
second expression should be understood analogously. 

The expressions for the system spin and mass operators Sp 
and Mf nt differ from the corresponding expressions in the point and 
instant forms. The explicit expressions for Sp and Mf nt have been first 
derived by Terentiev [|1U^1 for systems of two particles and by Berestet- 
skii and Terentiev [|1U6|1 for systems of three particles. As pointed out 



in ref. 



the result of ref. II Ub 



is inaccurate, and the authors of 
ref. j86j have derived a correct result (see also refs. |88|, g3j). The 



explicit expressions defining the operator Ap have been derived in refs. 



The investigation of the electromagnetic properties of mesons 
and baryons in the framework of constituent quark model in the front 
form was carried out by several authors (see, for example, refs. [|1(JY| , 



[TUB], |lLKdj| and references cited therein) . However it was usually assumed 
that the ECO is the sum of the quark ECO's. 



6.2 Unitary equivalence of the point and front 
forms of dynamics 

In Chap. [2] we have constructed the RQM in the point form 
assuming that the spin variables are defined using the matrix a(g) 
(see Eq. (\2.'4)) and the internal momenta are defined by Eq. ( |2.46| ). 



However it is possible to construct the description in the point form in 
terms of the light-front variables. This can be done by choosing the 
matrix (3(g) for the definition of the spin variables, the quantities for 
the definition of the internal momentum variables and the 4-velocity 
G as the "external" variable. In this case it is convenient to choose 
(G + , Gj_) as three independent quantities defining G. 

In particular, the UIR can be realized in the space of functions 
(p(gj_,g + ) with the range in T>(s) and such that 

(<p,<p) = J Mg^g + )\\ 2 dp F (z±,9 + ) < oo (6.10) 
while the generators of the UIR have the form (compare with Eq. ( |b.3|) ) 

1 +g 2 

P + = mg + , P± = mgi, P = mg = m - - , 
M+- = t g+^ T , M + ' = -ig + ^-j, M** = I* ( Sl ) + S* , 
M- = -^ + ff -| J )-M (s . + s V) (6.11) 

As follows from Eq. ( |6.5|) 

N 

II dpf (gi±, gt) = dp F (G ± , G + )dp p (mt), 

i=l 

M 2 

dp p (int) = — k 7rdp F (int) (6.12) 



Let H[ nt be the space of functions x(qi> ■•• c Ln) with the range 
in £>(si) ® • • • ® ^(sn) and such that 



wi 2 = 



/ Ilx(qi, ...c[ N )\\ 2 dp p (int) < oo (6.13) 



and Hp be the space of functions <p(G±, G + ) with the range in Hf nt 
and such that 

/ MG^G + )\\ 2 mt dp F {G^G + ) < oo (6.14) 

Then by analogy with the results of the preceding section it can be 
shown that the space of the tensor product of the UIR's describing 
particles 1,...N is just the space Hp — Hp. 

In the given case the method of Sokolov packing operators 
implies that the generators Ti (i = 1, ... 10) of the representation de- 
scribing a system of N interacting particles should be written in the 

form = ApTiAp where the packing operator Ap commutes with 

z i 

U(l) (as it should be in the point form) and the generators T in Hp 
have the following "canonical" form (compare with Eq. (|6.yQ ) 

P + = Mf nt G + , P ± = Mf nt G ± , P- = Mf nt G- = 
= ML^^, M + - = iG + JL, M + i = -iG^ ° 



int 2G+ ' "~ 8G+ 1 "~ dGi 

M xy = l z (G±) + Sp, M~ j = -i{G j ^- + G ° 



0G+ dGy 
€jl (S l F + G l S z ) (6.15) 



G 



rP 

L int 



Here the spin operator Sp has the same form as in Eq. ( |6.9| ) and M ? J 
is the mass operator acting in H? nt . 

The operators S^, M( nt and Ap must be unitarily equivalent 
to the operators S, Mint and A respectively (see Sec. |Z^Q since both 



these sets describe representations in the point form for different choices 
of the spin and momentum variables. The explicit expressions for the 
operators (Sp, M[ nt , A P ) and the unitary operator relating the sets 
(Si?, Min t ) and (S, M int ) in the cases N = 2 and N = 3 have been 
derived in refs. [g, |43|1 . 



The remainder of this section is an analog of Sec. 15721. Ac 



cording to Sokolov and Shatny [[77(1 , the key element in proving the 
unitary equivalence of the point and front forms is the construction of 
the unitary operator O such that 

er e 1 = r F (6.16) 

Let Upp be the unitary operator from Hp to Hp such that 

<p(P±/M, P+/M) 



U FP ip(G ± ,G + ) = 
U FP 0(P u P + ) = 



rrt\ - ■ ■ itin 
mi • • • m N 4>{MG ± , MG + ) (6.17) 



The fact that Upp is unitary easily follows from Eqs. (|5T6Q , ( |577|) , (^TT2J- 
|6.14|) . By analogy with ref. j77j we shall seek O in the form 



6 = Up P ^M)- l ^M[ nt ) 



(6.18) 



where the unitary operators £(M) and £(M^J in Hp are defined by 
the spectral integrals analogous to those in Eq. (|5.1U| ). To avoid mis- 
understanding we note that the operators O and £(m) in this section 
obviously differ from the corresponding operators in Sec. \b.2\ However 
we use the same notations as in Sec. in order to demonstrate that 
both construction are analogous. 

Following ref. [[77j we define the operators £(m) and ^(m) _1 
as (compare with Eq. ( |5.15|) ) 

m 



m ,m 
— <p{ — G 



m m 
[ if(G±,G + ) = —v(—G 



-G 



m 



-i, 



m 



G 



(6.19) 



mo mo mo 

where mo > is some constant. The fact that these operators are 
unitary easily follows from Eq. ( p.i'Z^) . 

Let O be an operator in H int . We symbolically represent the 
action of O in the form 

Oip(G ±J G + , int) = J 0(int, int')cp(G ± , G + , int')dp p (int 1 ) (6.20) 



where 0(int, int') is the kernel of the operator O. Let us introduce the 
operator 

F F {0} = U FP i(M)- l Oi(M)UF l P (6.21) 

Then, as follows from Eqs. CT, (ET^Tp , 067T7I) and (£TTf- 

jOTj) , Fp{0} is the operator in Hf nt . If we write symbolically 

F F {0}(j ) (-p ± ,P + ,int) = 

= J F F {0}{int,int')(j){¥ u P + ,int')dp F {int') (6.22) 
then the kernels of the operators O and Ff{0} are related as 

F F {0}(int, int') = ^f M 9 OUnt, int') (6.23) 

mf • • • n% 

Now using Eqs. (|6.19|) and ( |b.21|) we can explicitly verify that 
Eq. ( |6.16| ) is satisfied if 

Mfnt = FfWL) (6-24) 

In other words, the operator defined by Eq. ( |b.l8|) is the operator 
realizing the unitary equivalence of the sets defined by Eqs. ( |6.15| ) and 

As shown in ref . [|77(| , if the operators Ap, Mf ntl and 6 are 
known then it is possible to determine A F and conversely, if A F , Mf nt: 
and O are known then it is possible to determine Ap. Therefore the 
operator U F p = A F OA P realizes the unitary equivalence of the point 
and front forms. 

The advantages of the front form in the Feynman diagram 
approach were first pointed out by Weinberg [jl lUj] (see also refs. |l 1 1 



|112|1 ). At present different physicists believe that important problems 
in the strong interaction theory can be solved by using quantum field 
theory in the front form (see, for example, refs. [|113| , |114| , |TT5f and 
references cited therein). The major difference between this approach 
and conventional ones is in treating the vacuum problem. 

In RQM the vacuum problem does not arise and there are 
no principal differences between the front form and other ones. One 
might think that the front form has technical advantages since the 



generators for the two-body problem can be easily transformed to the 
form ( |b.9|) without using Wigner rotations. However in cases of three 
and more particles the front form has serious practical disadvantages 
since the spin operators for the system as a whole necessarily depend on 
interactions (see, for example, ref. [ff3j]). In any case, the results of ref. 



|77f| show that in RQM the three basic forms are unitarily equivalent, 
and therefore we can stress once more that in the framework of RQM 
the choice of the form is only the matter of convenience but not the 
matter of principle. 

6.3 Explicit construction of the ECO in the front 
form of dynamics 

If Jp{x) is the ECO in the front form, then, by analogy with Eq. 
we can write 

Jp(x) = exp(iPpx) Jp(Q)exp(—iPpx) (6.25) 



and, by analogy with Eq. (|3.2|), one can easily show that Jp(0) must 
satisfy the properties 

C7HQ- 1 J£(0)Uf(1) = L(KJf(0), [P f „ J£(0)] = (6.26) 

In turn, by analogy with Eq. we shall seek Jp(0) in the form 

J£(0) = ApJ^Ap 1 (6.27) 



Then it is obvious from the results of Sec. |6.2| that the operator Jp(x 



will satisfy all the properties described in Sec. [TTT] if 

J£ = 6 P®- 1 (6.28) 

Let us note however that in order to explicitly calculate the 
ECO in the front form using such a prescription we have to determine 
first the action of the operator J M in the point form in terms of light 
front variables. It is easy to see that the scheme of constructing the op- 
erator J M described in Chaps. |3] and f| can be also used for constructing 
the operator J M in these variables. Let us briefly discuss some aspects 
of such a construction. 



The one-particle ECO in the light front variables can be con- 
structed by analogy with the construction in the usual variables (see 
Sec. |Q1) . For example, the expression defining the ECO for a spin 1/2 
particle is the same as Eq. Q4.'7|) but the usual Dirac byspinor u(p,a) 



should be replaced by the light front byspinor w(p,a). In the spinorial 
representation of the Dirac 7 matrices u(p,a) is the byspinor with the 
components ^ym(a(p/m)x(o^) , a(p/m)~ 1 *x(o')) where x( a ) is the usual 
spinor with the z projection of the spin equal to a while w(p, a) is the 
byspinor with the components 



m(P(p/m)x(<r),P(p/rn) *x(°"))- 

In the general case the action of can be again written in 
the form of Eq. (|3.5|) where Mi nt is the mass operator in the light front 
variables and >(G,G") = >(G ± , G+; G' ± , G' + ) (note that dp(G) = 
dp F (G±,G + )). Then Eq. ( |3TT| ) will be valid if a is replaced by (3. 
However since (3(G) satisfies Eq. (|5TB|) , Eq. ( |3T7|) in the light front 



variables has a much more simple form 

ft(G, G') = L{l)$r{L{i)- l G, L(l)- l G') (6.29) 

Now we use (3(G, G') to denote f3({G+G') /\G+G'\) gSL(2,C) 
and Lf(G,G') to denote the Lorentz transformation L[f3(G,G')}. In- 
stead of / and /' defined by Eq. we introduce 



f F = L F (G, G')~ l G, f' F = L F {G, G')~ l G' (6.30) 
Then it is easy to see that 

f F = f$ = f, h F = -hi. = L[v(^±^)]^h (6.31) 



By analogy with Eq. ( |3.1(J| ) we can express J^(G, G') in terms 



of the operator j v (h. F ) depending on one three-dimensional vector h^. 
However as follows from Eq. ( |6.2y| ), the corresponding expression has 
a much more simple form than Eq. ( |3.1(J| ): 

>(G, G') = L F (G, G')ff(h F ) (6.32) 



On the other hand, the choice of the light front variables has 
some serious practical disadvantages. In particular, the expressions 
describing the transformation of ^(hp) relative to the spatial rotations 
and the space reflection have a much more complicated form than Eqs. 
(pTT2|) and ( gg7p . 

Let us note that the quantity j (0) in the light front variables 
also must be equal to the electric charge of the system under consider- 
ation, and a possible solution of the problem of constructing the ECO 
can be obtained assuming that the operators w (hp) and w^(hp) in 
the light front variables are equal to zero. Here wj_(lip) is the part of 
w(hp) orthogonal to hp. 

Now we return to the front form. Here the action of Jp can 
be written as 

J^(P ± ,P + ) = / J«P ± ,P + ;Pl,P' + )0(Pl,P' + )d/(Pl,P' + ) 

(6.33) 

In turn, by analogy with Eq. ( |3.21| ), the operator 

Jg(P ± ,P + ;P' ± ,P' + ) 
can be defined by the set of operators 

J^P^P+mjPl.P'+ro') 

such that 

Jg(P ± ,P+;P' ± ,P' + ) = / / de( nt (m) ■ 

• J£(P ± , P + , m; Pi, P' + , m')def nt (m') (6.34) 

where ef nt (m) is the spectral function of the operator Mf nt . 

On the other hand, by analogy with Eq. (|3.21|) , the kernel 

>(G J _,G + ;Gl,G' + ) 

can be defined by the set of operators 

>(G ± ,G + ,m; G' ± ,G' + ,m') 

such that 

>(G ± ,G + ;Gl,G'+) = / jdef nt (m)- 

•>(G_l, G + , m; Gl, G' + , m')deg t (m') (6.35) 



where ef nt {m) is now the spectral function of the operator M[ nt in the 
light front variables. Then a direct calculation using Eqs. ( |6.12| ), flb.lYh 
IQ1D , ( gggp and ( |03| - |05D shows that 

j£(P ± ,P+ m;Pl,P'+,m') = 

P, P+ 



= 2(mm') 1/2 F F {>(; 



m: 



m m 



p/ p'+ 



m m 



(6.36) 



We conclude that if the ECO in the point form is constructed 
in terms of the light front variables then Eqs. Qb.2hj) , ( |b.^Y| ), ( jET33| ), 
( |b.a4| ), and (|6.3ti|) (where is defined by Eq. ( |6.23|) ) make it possible 
to explicitly construct the ECO in the front form. 



6.4 Matrix elements of the ECO in the front form 
of dynamics 

The one-particle states in the light front variables are usually chosen 
in the form 

\p', a') F = 2(27r)V + ^ (2) (p± - Pj_)<*(p + - P + )Sa*> (6.37) 
Then as follows from Eq. (|6.1| ) 



F <p'»>V = 2(27r)V + ^ (2) (p±" - p'i_)S(p + -P + )S*>W (6.38) 

It is easy to see that this normalization is equivalent to the normaliza- 
tion in the usual variables given by Eq. ( p.4»|) . 

To define the scattering states in the N-particle case we have 
to solve the eigenvalue problem for the operator M[ nt in the space Hf nt . 
Let x'f ^ Hint be the internal wave function describing a scattering 
state. If x'f i s the eigenfunction of the operator Mf nt with the eigenvalue 
M' and the scattering state is the eigenstate of the operators P_l and 
P + with the eigenvalues Pj_ and P + respectively then, as follows from 
Eq. fl6.9|), the wave function of such a state in the space Hp can be 
written as 

\P',Xf)f = ^2(2tt) 3 P' + ^ 2 )(P ± - P' ± )5(P + - P' + ) X ' F (6.39) 



It is obvious from Eq. ( fg79|) that this state is the eigenstate of the 
operator P with the eigenvalue P = (M 2 + P^)/2P + . As follows 
from Eq. ( |t>.o| ), the normalization condition for the wave function given 
by Eq. (|6.39|) has the form 

f(P\Xf"\P'^ f )f = 2(27r)V + ^ 2 )(P ± " - P' ± ) • 
•S(P ,,+ -P >+ )f(xf"\x'f)f (6.40) 
where the last scalar product should be calculated only in the space 

ttF 

int' 

By analogy with the considerations in Sees. |3.5| and |5.4| we 
conclude that all matrix elements of the operator Jp(x) can be ex- 
pressed in terms of the quantities f(P" , Xf" \Jf( x )\P'i Xf) f- As follows 
from Eqs. Q05H081) , ( |Q3|) and ( ggj) 

f^SxpI^WI^XfJf = exp(iAx) f {xf" \ J J def nt (m) ■ 

■J£(P_l", P" + , m; P' ± , P\ roOde^m') (6.41) 

where A = P" — P' and the matrix element on the right-hand-side must 
be calculated only in the space Hf nt . 

On the other hand, as follows from Eqs. (|375Q , ( |3.52|) and 
( |b.35| ), in the point form the matrix elements of the ECO in terms of 
the light front variables can be written as 

p{P\Xp'\j^x)\P',Xp)p = 2(M"M') 1/2 e^Ax) • 
•p<Xp"I / J dei t (m)J»(G ± " ,G° + ,m;G' ± ,G' + ,m') • 
■deg t (m')\x' P ) P (6.42) 

If x'p ^ Hint ls the eigenfunction of the operator M[ nt with the eigen- 
value M' then, as follows from Eqs. (|t>.^l| ) and (|b.^4| ), 

X' F = U FP ^M)- l X p 

is the eigenfunction of the operator M[ nt with the same eigenvalue. 
Taking into account the definition of the operation Fp (see Eq. (|6.21|) ) 
and Eq. we conclude that 

f(P\xf"\J"f(x)\P',Xf)f =p {P\Xp"\Hx)\P',Xf)p (6-43) 



This result shows that the matrix elements of the ECO do not depend 
on the choice of the form of dynamics as it should be. 



Chapter 7 

Discussion and conclusions 



Let us discuss the main results of the present paper. 

In Chap. @ we explicitly construct the description of systems 
of two and three particles in the point form of relativistic dynamics. 
For this purpose we derive explicit expressions for the Sokolov packing 
operators in the case of particles with arbitrary spin. We also note 
that it is possible to explicitly describe systems with any number of 
particles. 

In Chap. ^ the problem of constructing the operator J^(x) is 
reduced to the problem of constructing the operator j v (h). The results 
of this chapter are based on the assumption that the representation of 
the Poincare group for the system under consideration is realized in the 
point form. However we do not assume that the system is described 
in the framework of RQM. Therefore the results can be in principle 
applied also to the problem of constructing the ECO for systems of 
quantized fields. 

It has been known for a long time that the matrix elements 
of the one-particle ECO become especially simple in the Breit frame, 
i.e. in the reference frame where the momenta of the initial and final 
states p' and p" satisfy the relation p" + p' = 0. This relation can also 
be written as g" + g' = where g' and g" are the 4-velocities in the 
initial and final states. There exists an obvious analogy between the 
Breit frame and the cm. frame of two interacting particles. The latter 
is defined by the condition Pi + P2 = 0, where p^ is the momentum of 
particle i : and the interaction between the particles has the simplest 
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form just in the cm. frame. The difference between the Breit frame 
and the cm. frame is that the former is defined for one and the same 
particle in the initial and final states while the latter is defined for two 
different particles. 

If the system under consideration has the mass spectrum con- 
sisting of more than one point then the conditions P" + P' = and 
G" + G' = are not equivalent. The Lorentz transformation which 
transfers the 4- vectors P' and P" to the reference frame where P" +P' = 
depends not only on P' and P" but also on the masses M' and M" in 
the initial and final states. Therefore for different pairs (M', M") there 
exist different Lorentz transformations transferring P' and P" to the 
reference frame where P" + P' = 0. On the other hand, the Lorentz 
transformations transferring G' and G" to the reference frame where 
G" + G' = depends only on G' and G" . Taking also into account 
that the representation operators of the Lorentz group do not depend 
on interactions in the point form we conclude that the transition from 
the operator J fJ/ (G ,, ,G') to the operator j v (h) discussed in Sec. [TT] is 
much more simple than the analogous transitions in the instant and 
front forms. 

The vector f defined by Eq. is the velocity analog of the 

momentum in the cm. frame. We have seen in Chap. ^ that the role 
of the external variables in the point form is played by velocities, not 
momenta, but the role of the internal variables may play momenta, as 
usual. It is possible to consider such a version of the point form where 
the role of the internal variables is also played by velocities. Such a 
version was first considered by Ruijgrok and coauthors [|llt)|, 111 7)1 . It is 
easy to show that the ordinary approach to RQM can be formulated in 
terms of the Ruijgrok approach and vica versa. However we see that 
in the problem of constructing the ECO the analog of the Ruijgrok 
approach has considerable advantages. 

Combining the results of Chaps. @ and g we derive in Chap. f| 
the exact solution for the ECO in the framework of RQM. This solution 
is not unique since it is easy to write down a variety of operators w°(h) 
and wj_(h) satisfying Eq. ( |Oj]) and cluster separability. The fact 



that relativity and current conservation do not impose considerable 
restrictions on the operator J^(x) was noted by several authors |9J, 
[TU] , p~3| , f|K] . For example, in ref.[ff|j the problem of constructing the 
operator J fJ, (x) was studied on the language of matrix elements of this 
operator and it was shown that after taking into account the constraints 
imposed by relativity and current conservation, there would exist a 
minimal (usually infinite) set of unconstrained matrix elements. 

Though the solution of the problem under consideration is 
not unique, the very fact that the ECO satisfying the properties speci- 
fied in Sec. can be explicitly constructed seems very important. In 
particular we expect that for various electromagnetic processes the the- 
oretical predictions obtained by using a correct ECO will considerably 
differ from the predictions obtained by using ECO's not satisfying the 
above properties. Our solution for the ECO is most general in the sense 
that if we assume that interactions between the constituents can be de- 
scribed in the framework of RQM then any model for the ECO should 
correspond to a certain choice of the operators w°(h) and wj_(h). At 
the same time it is necessary to investigate what additional constraints 
should be imposed on the ECO in order to make the solution unique. 

Our solution for the ECO is described in the point form of 
dynamics while, as noted in Sec. pT2|, the most popular forms are the 
instant and front ones. One might try to construct the ECO in this 
forms using only the representation operators of the Poincare group in 
the corresponding form. However, as argued above, such a construction 
is expected to be more difficult than in the point form. In Chaps. [5| 
and § we show that these difficulties can be bypassed with the help of 
the results by Sokolov and Shatny j77j] who have proved that all three 
basic forms of dynamics are unitarily equivalent. Namely, using the 
unitary operators relating these forms we can explicitly construct the 
ECO in the instant and the front forms if the solution in the point form 
has been already constructed. Analogously, using the unitary operators 
of ref. j79j relating the ^-picture and the front form we can construct 
the ECO in the ^-picture considered in ref. . 



We conclude that the results of this paper can be the basis 



for systematic calculations of different electromagnetic observables in 
nuclear physics and constituent quark models. Such calculations are 
necessary for explaining the existing experimental data and planning 
future experiments on powerful electron accelerators. 
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